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Abstract:
Textile reinforcement concrete (TRC) is a new building materi l in increasing usage in modern
engineering applications. The experimental investigations f TRC reveal a multiple cracking be-
havior which corresponds to concrete cracking and fiber pullout mechanisms.
The aim of the presented research work is the mechanical analysis of the fiber pullout mechanism
under dynamical loading conditions. Appropriate constitutive material models are proposed for
the matrix-fiber interface taking into consideration two main mechanical characteristics, damage
behavior and rate-dependent effects. These material models ar the elastic damage model, the
viscoelastic model and two developed viscoelastic damage mat rial models.
Moreover, an analytical model of the fiber pullout mechanismprovided, where the governing
differential equation of motion is formulated and closed analytical solutions are derived under a
dynamical excitation of a harmonic pullout displacement fuction at the fiber tip. These analyt-
ical solutions are derived for two material models of the interface, the elastic damage and the
viscoelastic material models.
Furthermore, the dynamical responses are also sought for the case of a linearly increasing pullout
displacement function of a definite velocity. For the latterdynamical loads a numerical DISCRETE
MODEL with an iterative solving scheme is formulated for the pullot problem to solve the corre-
sponding nonlinear differential equation of motion. Moreov r, comparisons between the obtained
results regarding the different proposed material models of the interface are provided. The elastic
damage model can be used with a dynamical increasing factor (DIF ) on the bond strength and the
stiffness of the interface with respect to the shear slip rate. On the other hand, the developed vis-
coelastic damage material models characterize the rate-dep n nt effects of the dynamical pullout
through the viscous and the viscoelastic parts of the corresponding constitutive relations of these
models.
The second part of this doctorial thesis deals with the mechani al analysis of the uniaxial tensile
behavior of TRC specimen under dynamical tensile loading. Acorresponding analytical model is
firstly formulated. Furthermore, a tested TRC tensile specim n and the corresponding fiber crack
bridging behavior (cracked stage) are also analyzed by means of the Finite Element modeling
approach by conducting 3-dimensional heterogeneous models.
Keywords: fiber pullout, dynamical loads, damage behavior, rate-dependent effects
v
vi
Kurzfassung:
Textil bewehrter Beton (Textilbeton) ist ein neues Baumateri l mit zunehmender Verwendung
in modernen Ingenieuranwendungen. Die experimentellen Untersuchen an Textilbeton zeigen
Mehrfachrissbildung, die zu Betonriss- und Faserauszugsmechanismen korrespondieren. Das Ziel
dieser Forschungsarbeit ist die mechanische Untersuchungdes Faserauszugsmechanismus unter
dynamischer Belastung. Hierzu werden geeignete Materialmodelle für das Matrix-Faser-Interface
vorgeschlagen, die zwei mechanische Phänomene, nämlich das Schädigungsverhalten und den
Dehnraten-Effekt, berücksichtigen. Diese Materialmodelle sind das elastische Schädigungsmo-
dell, das viskoelastische Modell und zwei entwickelte viskoelastische Schädigungsmodelle.
Zudem wird ein analytisches Modell zum Faserauszugsmechanismus bereitgestellt, wobei die
beschreibende Bewegungsgleichung aufgestellt und geschlossene, analytische Lösungen unter
dynamischer Erregung durch eine harmonische Auszugsverschi bung am Faserende gefunden
werden. Diese analytischen Lösungen werden für zwei Materialmodelle, das elastische Schädi-
gungsmodell und das viskoelastische Modell, hergeleitet.
Außerdem wird die dynamische Antwort für den Fall einer linear ansteigenden Auszugsver-
schiebung mit konstanter Geschwindigkeit gesucht. Zu dieser dynamischen Belastung wurde für
die numerische Lösung der entsprechenden nichtlinearen Differentialgleichung ein diskretes Mod-
ell (DISCRETE MODEL) entwickelt und mit einem iterativen Lösungsverfahren gelöst. Darüber
hinaus wurde ein Vergleich zwischen den Ergebnissen, die bei Verwendung der unterschiedlichen
vorgeschlagenen Materialgesetze für das Interface erhaltn wurden, durchgeführt. Das elastische
Schädigungsmodell kann zum einen mit einem von der Schlupfrate abhängigen dynamischen Ver-
größerungsfaktor (DIF ) für die Verbundfestigkeit bzw. die Steifigkeit des Interface verwendet
werden. Zum anderen werden die Dehnraten-Effekte durch dieviskosen und viskoelastischen An-
teile in den entwickelten viskoelastischen Schädigungsmodellen abgebildet.
Der zweite Teil dieser Dissertation behandelt die mechanische Untersuchung des uniaxialen
Zugverhaltens von Textilbeton unter dynamischer Zugbelastung. Ein zugehöriges analytisches
Modell wird zuerst formuliert. Zudem werden der Mehrfachrissbildungszustand und der Faser-
rissüberbrückungsmechanismus an einem Textilbetonprobekörp r mittels einer Finite-Elemente-
Analyse an einem dreidimensionalen, heterogenen Modell untersucht.
Schlüsselworte: Faserauszug, dynamische Belastung, Schädigung
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1 Introduction
1.1 Motivation
The usage of textile reinforced concrete (TRC) has been widespread in the last years. This rela-
tively new composite can be defined according to NAAMAN [NAAMAN 2010] as a type of rein-
forced concrete consisting of cement matrix reinforced with one or several layers of closely spaced
continuous 2D textile, or one or several layers of 3D textiles. At least one textile layer should be
placed near each of the two outer surfaces of the resulting structure. The textiles may be made of
polymer, synthetic, metallic, organic or other suitable materi ls. The fineness of the cementitious
matrix and its composition should be compatible with the textil armature system. The matrix
may contain discontinuous fibers or microfibers of appropriate dimensions. Some well known
advantages of TRC composites are the high tensile capacity,the light weight since structural thick-
nesses of10 or 20 mm can be provided efficiently, in addition to high corrosion resistance when
using carbon textiles. Two main research programs have beenrec tly carried out in Germany re-
garding the investigation of TRC under static loading conditions, the collaborative research center
SFB 528 “Textile Bewehrungen zur bautechnischen Verstärkung und Instandsetzung” at Technis-
che Universität Dresden [CURBACH & ORTLEPP2012], and the collaborative research center SFB
532 “Textilbewehrter Beton - Grundlagen für die Entwicklung einer neuartigen Technologie” at
Rheinisch-Westfälische Technische Hochschule (RWTH) Aachen. Moreover, many steps have
been recently made towards expanding the engineering applic tions of these innovative compos-
ites, with an allowance in using TRC being recently officially released in Germany (Das Deutsche
Institut für Bautechnik (DIBt), Zulassung Z-31.10-182), authorizing engineers to use TRC in en-
gineering applications in Germany.
The available investigations on textile reinforced concrete show distinguished mechanical proper-
ties, like a relatively high strain capacity which can be interpreted as an analogy to the ductility
behavior, in addition to a high capability of energy absorbti n. These innovative properties are of
great advantage according to the safety design regulationsof structures, especially in the case of
dynamical loads like those of wind and earthquakes, impact loading and vehicle loads in bridge
structures (Fig. 1.1). Therefore, there is a growing interest among the relevant scientific commu-
nity and the interested industrial companies in carrying out more investigations on the mechanical
behavior of this new building material under dynamical loads to maintain the safety design require-
ments of TRC constructions. Some selected unknown characteristics of this composite regarding
the dynamical loading conditions, which have to be adequately id ntified within a framework of
experimental and mechanical investigation procedures forthe determination of the corresponding
constitutive relations so far are: the dynamical pullout behavior of the fiber reinforcement from
the concrete matrix with respect to the damage behavior of the matrix-fiber interface and its rate-
dependent effects, the rate-dependent behavior of the composite tensile strength and compres-
sion strength, the rate-dependent behavior of the implemented textile reinforcement and the used
concrete matrix, the characteristic multiple cracking behavior under tension as well as dynamical
harmonic loading, the characteristic energy dissipation,the damping behavior and the ductility
behavior.
1.2 Literature review and state-of-the-art of research
In this section the damage mechanisms which are observed in txt le reinforced cement composites
under static and dynamical loads are firstly discussed. Then, a review of the conducted experimen-
tal and theoretical investigations of the mechanical behavior of those composites under dynamical
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(a) Textile reinforced concrete bridge in Oschatz, Ger-
many (Source: SFB528, TU Dresden)
Wind loads:
Ground acceleration
Time
Earthquake loads: Impact loads:
(b) Some possible dynamical loads on structures
Fig. 1.1: Textile reinforced concrete bridge in Germany andsome possible dynamical loads on
structures
loads are presented. This review covers the performed invest gations of the fiber pullout mecha-
nism, the fiber crack bridging and the multiple cracking, themechanical behavior on the structure
level, in addition to the correlation between the fiber pullot and the tensile behavior which has
often been observed in conducted investigations. Furthermore, a review of the rate-dependent
behavior of the concrete matrix and the fiber materials are int oduced and discussed.
1.2.1 Damage mechanisms in textile reinforced cement composites
The available conducted experimental tests on TRC elementsunder static loading conditions have
indicated a complex damage behavior [CURBACH & ORTLEPP 2012, JESSE2004] which can be
described as:
• Progressive development of microcracks within the concrete matrix.
• Accumulation of the microcracks and progressive development of macrocracks. In cases
of uniaxial tensile loadings those developed macrocracks are located along the locations
of the secondary (transversal) textile reinforcements perpendicular to the direction of the
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applied elongations. In fact, an explanation of this type ofdeveloped crack pattern can
be provided by realizing the structure of the used textile its lf [AZZAM & R ICHTER 2011a],
where every yarn of the used textile reinforcement is fabricated as a bundle of a huge number
of fibers which corresponds, consequently, to a low value of transversal stiffness in the radial
direction of the yarn cross section. Therefore, the transversal textile reinforcement yarns
which are located perpendicularly to the loading directionbehave like holes (volumes) inside
the concrete matrix which cause a stress concentration. As averification for this provided
explanation, 3-dimensional Finite Element (FE) simulations of TRC tensile specimen are
conducted, where the structural components of the composites are regarded accordingly.
Fig. 1.2 illustrates one conducted model and the stress concentration within the concrete
matrix. The influence of the transversal textile reinforcement on the developed crack pattern
has been also experimentally claimed by JESSE[JESSE2004].
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Fig. 1.2: Stress concentration in concrete matrix at the locati ns of the transversal textile yarns in
TRC specimen under a prescribed elongationūz verified by FE simulation [AZZAM &
RICHTER 2011a]
• Debonding of the textile reinforcement from the surrounding concrete matrix. A gradual
degradation of the bond stresses in the matrix-fiber interfac occurs. After the interface is
completely damaged, the textile reinforcements will be pulled out from the matrix with fric-
tion stresses in the interface. The characteristic behavior of the bond is influenced by many
factors [ZASTRAU et al. 2003, JESSE2004, LORENZ & ORTLEPP 2011], such as the type
and properties of the used textile reinforcement regardingthe material, the used geometry
and the types of knitting and binding at the grid points of theus d textile, in addition to the
used coating of the textile and the mechanical properties ofthe concrete matrix. Indeed, the
bond behavior strongly affects the mechanical behavior of TRC composites.
• Fiber fracture.
• Delamination and spalling mechanisms due to manufacturing-related yarns undulations.
This type of damage has been reported by LORENZ [L ORENZ et al. 2011]. Nevertheless, that
damage has been avoided by developing an extended wrap knitting process for the produced
textiles with reduced undulations [HAUSDING & CHERIF 2010].
• Local damage of textile reinforcement at crack surfaces in cases of inclined yarns (i.e. the
yarns are inclined to the crack faces with a definite angle). This damage is fiber cracks
and fiber rupture at crack surfaces due to the transversal pressur and bending stresses, in
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addition to the separation of the fibers that form that textilyarn. As a result, the tensile
strength of the textile reinforcement decreases with an increasing angle of inclination [VOSS
2008, JESSE2004, HEGGER& V OSS2003, MOLTER 2001].
• Cracks closure in cases of reinforcement splices. Relevant mechanical modeling was per-
formed by AZZAM and RICHTER to analyze and understand this mechanism and its effects
on the mechanical behavior of the splices [AZZAM & R ICHTER 2011a].
Indeed, few experimental investigations have been conducte so far towards the damage mech-
anisms of TRC composites and fiber reinforced concrete composites under dynamical loading
conditions. The basic characteristic damage mechanisms ofthis brittle composite regarding the
development of the microcracks in the concrete matrix, the development of the multiple macro-
cracks, the fiber pullout and the corresponding fiber crack bridging and fiber fracture have been
observed experimentally [ACKEREN et al. 2010, KIM 2009, SILVA et al. 2011a]. Although those
damages have also been observed phenomenologically in the static experimental investigations,
the correspondingly obtained measurements and results under dynamical loading conditions are
often different and reported with a rate-dependent formulation.
1.2.2 Fiber pullout under dynamical loads
Only a few investigations have been conducted and reported so far concerning the fiber pullout
behavior under dynamical loading conditions. An early workwas conducted by GOKOZ and NAA -
MAN [GOKOZ & NAAMAN 1981] on fiber pullout experiments under various loading rates (from
4.2 × 10−3 cm/s to 300 cm/s) for steel, glass and polypropylene fibers. They reported that the
smoothed steel fibers show no rate sensitivity behavior, andthe pullout energy of steel and glass
fibers is independent of the loading rate. The polypropylenefibers exhibit high sensitivity to the
applied loading rate.
BANTHIA and TROTTIER [BANTHIA & T ROTTIER 1991] carried out static and dynamical single
fiber pullout tests on steel deformed fibers (end-hooked, crimped and I-shaped). A hydraulic test-
ing machine was used for the static pullout test (8.46× 10−4 cm/s) and a pendulum impact tester
for the dynamical test (150 cm/s). Their investigations found an increase in the peak pullout f rce
under dynamical loading conditions, in addition to an increase in the pullout energy provided the
fiber pulls out and does not fail. They also claimed that the fibr pullout problem of the steel fiber is
affected by many factors; like the mechanical properties ofthe cement matrix, the constitutive be-
havior of the fiber steel, its strain hardening characteristics and the post-work-hardening strength,
in addition to the mechanical properties of the matrix-fiberinterface.
K IM et al. [KIM et al. 2008] performed experimental investigations of the loading rate effects on
the single fiber pullout behavior of two deformed high-strength steel fibers: hooked (H) and twisted
(T) fibers. Various strain rates from static (0.0001 s−1) to seismic (0.1 s−1) were considered, and
three matrix compression strengths from low to high were used. KIM et al. claimed that the hooked
fibers show no rate-dependent behavior for the various applied loading rates and for all the used
matrix strengths. The twisted fibers show rate-dependent behavior in all the matrixes used, with the
highest for the case of the medium matrix strength. Additionally, the T-fibers produce much higher
single fiber pullout energy under the seismic strain rate than it is under the static one, and with up
to 5.15 times the value of the H-fibers. Therefore, KIM et al. concluded that the twisted fibers are
more efficient than the hooked fibers in dissipating energy. They also provided explanations for
the different obtained rate-dependent behaviors of the twoused fibers as the followings: for the H-
fibers the microcracking, from which the rate effect is thought to stem, is localized in small regions
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in the vicinity of the fiber hooks, and therefore, no remarkable contribution to the rate sensitivity
is developed. Whereas for the T-fibers, the observed rate-dep ndent behavior is attributed to the
radial and longitudinal interface cracking which takes place long the entire embedded fiber length
as the fiber untwisted during the pullout mechanism.
SCHEFFLER et al. [SCHEFFLER et al. 2013] carried out single pullout tests of poly vinyl alcohol
(PVA) fibers under quasi-static and impact loading. They considered two different surface states,
as received and after fiber finish removal by extraction in solvents. For both fiber surface states,
the local interface shear strength and the critical energy release rate are greater under high loading
rates than the corresponding values of the quasi-static loadings.
Only little theoretical work including the analytical and the numerical models have been carried
out so far, and a lack of appropriate constitutive material models under dynamic loading conditions
is claimed. Moreover, the conducted mechanical modeling ofthe fiber pullout mechanism consid-
ered, for simplification, only friction stresses in the matrix-fiber interface and without regarding the
adhesion behavior and the corresponding bond energy, as well as the damage evolution behavior
of the interface.
NIKITIN and TYUREKHODGAEV [N IKITIN & T YUREKHODGAEV 1990] presented solutions of
wave propagation in elastic rods of finite and semi-infinite lengths with Coulomb dry circumferen-
tial friction under various dynamic loads, impact with constant stress or velocity or by a rigid body,
in addition to smooth loading and unloading of a semi-infinite rod. Under loading, they proposed
unidirectional motion for which the sign of the velocity is alw ys the same. Also they derived
solutions for the cases of suddenly applied stresses which is ma ntained constantly and followed
by instantaneous unloading. Their investigations were carried out with the aim of calculating the
damping because of the energy dissipation mechanisms caused by frictional contact in vibration
systems.
SRIDHAR et al. [SRIDHAR et al. 2003] examined the inertia effects in the pullout problem under
an assumption of a frictional matrix-fiber interface, and without considering the debonding energy.
They derived, by using the shear-lag approximation, analytic l solutions under a pullout force of
a linearly increase with time. They divided the process zonef the activated material into two
or three domains along the fiber axis, where different statusof slip, stick and reverse slip can be
observed. They supported their solutions by means of a planestress Finite Element simulation
with a cohesive zone model for the matrix-fiber interface.
COX et al. [COX et al. 2001] conducted analytical investigation of the inertia effects in the fiber
pullout mechanism that occurs in a bridged crack. They examined the responses of the dynamical
wave propagation problem of the pulled fiber, where the matrix-fiber interface was regarded with
only rate-independent friction and without including the dbond energy. There solutions based
on an approximation that the displacements of the fiber and the matrix are functions of only the
coordinates along the fiber axis. They reported that the accur y associated with employing this
approximation depends not only on the condition that the slip zone length should be larger than
the fiber diameter, but also on the presence of a nonzero debonenergy. They claimed that dy-
namic analysis of materials in which the debond energy is other t an small is significantly more
complicated.
YANG et al. [YANG et al. 2006] considered the problem of a fiber that is driven dyamically by
compression into the matrix without considering any bond energy but with only friction stresses
in the matrix-fiber interface. They performed experimentaland numerical investigations of this
problem. They partly confirmed prior results that used the shear-lag approximation to find the front
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velocities and the deformations [SRIDHAR et al. 2003]. Furthermore, they reported oscillations
in the interface stresses during loading in addition to unstable, possibly chaotic, oscillations of the
interface stresses during unloading. They considered thatthis observed chaotic behavior appears
to be a consequence of the strong nonlinearity associated with the sign reversal in the frictional
tractions with slip direction, and is not sensitive to the details of the friction constitutive law.
Table 1.1 provides some typical results of the dynamical fiber pullout experiments with the corre-
sponding main results including the approximate dynamic increasing factorDIF (the ratio of the
dynamic to static peak pullout forces). It should be mentioned that the frictional shear stress of the
matrix-fiber interface which dominates the mechanical behavior of the interface after the adhesive
bond is completely damaged, has often been reported to be indepe ent of the load rates [GOKOZ
& NAAMAN 1981, KIM et al. 2008].
Reference Pullout velocity
in mm/s
Fiber type Main results
GOKOZ and NAAMAN
[GOKOZ & NAAMAN
1981]
from 4.2 × 10−2
to 3000
Smoothed steel,
glass and polypro-
pylene
Rate-dependent pullout be-
havior of the polypropylene
fibers with approximated
DIF = 5; the pullout of
the smoothed steel fibers are
insensitive to loading veloc-
ities
K IM et al. [KIM et al.
2008]
from 0.018 to 18 High-strength steel
hooked (H) and
twisted (T) fibers
The H-fibers show rate-in-
dependent pullout behavior.
The T-fibers show rate-de-
pendent pullout behavior
with DIF up to2.54
BANTHIA and TROT-
TIER [BANTHIA &
TROTTIER 1991]
from8.46×10−3
to 1500
Steel deformed
fibers: end-hooked,
crimped and I-
shaped
The tested fibers show rate-
dependent pullout behavior
with DIF up to4.6
SCHEFFLER et al.
[SCHEFFLER et al.
2013]
from 10−5 to 10 PVA fibers The tested PVA fibers show
rate-dependent pullout be-
havior with aboutDIF =
1.76 regarding the interfa-
cial shear strength
Table 1.1: Some reported experimental results on the rate-dep ndent behavior of the fiber pullout
mechanism
Many other experimental investigations of the dynamical pullout problem indicated the increase
of the pullout responses with increasing load rates [MICHAL & K EUSER2014,YANG & L I 2006],
and a corresponding dynamic increasing factor was provided. PACIOS and SHAH [PACIOS et al.
1995] studied the effect of the slip rate on the pullout of steel fibres from a cementitious matrix.
They performed the dynamical pullout tests by means of the Charpy pendulum. It was found that
the average bond strength of the interface (the average peakpullout force divided by the embedded
surface area of the single fibre) increases with increasing sl p rate. They illustrated the relation
between the average bond strength and the slip rate of the interface in alog-plot. A theoretical
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model for predicting the effect of the rate of slip on the fibrepullout behavior was proposed based
on the concept of fracture mechanics.
1.2.3 Fiber crack bridging and the multiple cracking under dynamical loads
Only few investigations have been carried out to analyze andunderstand the fiber crack bridging
and the multiple cracking behavior of textile reinforced cement composites under dynamical loads.
Additionally, no standard test and relevant regulations are available and a remarkable influence
of the experimental setup is often reported. Furthermore, differences in the obtained results, in
addition to inconsistent and varied reported observationsbetween the different resources are found
in the available relevant literature.
ACKEREN et al. [ACKEREN et al. 2010] investigated the strain rate effects on glass fiber reinforced
inorganic phosphate cement (IPC) laminates, where prepared sp cimens with four textile layers
were tested under tensile loadings with a range of applied speds between1 and500 mm/min,
which corresponds to a range of strain rates between10−4 and0.05 s−1. ACKEREN et al. reported
that the main damage mechanisms remain the same for all the appli d values of the strain rates.
Although they reported no remarkable changes in the obtained results regarding the composite
tensile strength and the maximum strain at the end of the measur d tress-strain curves, a noticeable
delay in the multiple cracking process to a higher stress level was observed by the increasing values
of the strain rate. One provided explanation by them for thisbehavior is that at higher testing
speeds, flaws (very small defects) in the matrix do not have the time to grow due to the fast loading
process, in addition to the rate-dependent behavior of the matrix-fiber interface. Nevertheless, a
general scattering regarding the conducted measurements was also claimed. Moreover, ACKEREN
et al. tried to define an appropriate parameterized model of the obtained stress-strain curves in a
simple manner and with an analogy to the ACK-theory [AVESTON et al. 1971] and its developed
versions. ACKEREN et al. suggested a piecewise linear fit with two linear stagesnd they supplied
it with the relevant parameters like the elastic modules andthe tensile strength. The proposed
model does not account for the fiber pullout behavior, and therefore, some cases of deviation and
overestimation have been reported, such as the overestimated stress at the failure strain.
SILVA et al. [SILVA et al. 2011a] conducted tensile tests on AR-glass TRC specimens under
different strain rates form0.0001 to 50 s−1 by using a high-rate servo-hydraulic testing machine,
part of the conducted investigation concerned with the influence of the addition of short glass fibers.
SILVA concluded an increase of the tensile strength, the strain capacity, the work-to-fracture and
the first crack strength for all the tested specimens up to strain rate of0.1 s−1. For strain rate
values in the range between5 to 50 s−1, the increasing trend of the tensile strength and the work-
to-fracture was still observed, but there was a decrease in the strain rate capacity. This observed
decrease in the strain capacity was traced back to the increase in the stiffness of the composite
in the post-crack region during the conducted test. Furthermore, SILVA et al. claimed a strain
rate effect on the glass fibers behavior, this rate effect wasproved by performing a microstructural
observation on the fracture surface of fibers extracted fromthe tested specimens. A remarkable
change in the fracture surface was observed, where for lowerstrain rates (≤ 0.1 s−1) an in-plane
fracture with rougher surfaces were observed, while for higher strain rates (≥ 5 s−1) brittle failure
but with smoother surfaces occured. The rougher fracture surface of the fibers tested at low strain
rates can be related to the higher strain capacity of the composite, whilst the smoother fracture
surface at high strain rates stays in relation to the more brittle failure of the composite. SILVA
et al. also claimed a drop in the tensile strength when shifting from lower range of strain rates
(≤ 0.1 s−1) to higher ones (≥ 5 s−1), where this was traced back to the strain rate effects on
the used glass fibers, in addition to the stress concentrations cl se to the lower grips in specimens
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(which were aligned vertically in the test system) tested with strain rates above5 s−1. SILVA
et al. assumed an influence of the used experimental setup on the obtained results, where the
interference of the natural frequencies of the test setup and those of the tested specimen is thought
to lead to the observed stress concentrations and to the observed discontinuity of the strength when
shifting from lower range of strain rates to higher ones, as mentioned above. They supported the
preceding assumptions by the observed oscillations in the measured stress-strain curves. Moreover,
an assumption of a slip rate-dependent behavior of the matrix-fiber interface can be adopted, where
an increase in the bond strength is assumed to occur with increasing values of the strain rate, which
could provide, with respect to correlation between the fiberpullout and the tensile behavior, further
explanations for the obtained results.
K IM et al. [KIM et al. 2009] investigated the rate effects on the tensile behavior of high perfor-
mance fiber reinforced cementitious composites with high strength steel hooked (H) and twisted
(T) fibers under different values of the strain rate from pseudo static (0.0001 s−1) to seismic
(0.1 s−1). The deduced results of their investigations confirmed that t e rate sensitivity of this
composite in tension depends on the fiber type and the volume fraction and the matrix strength.
K IM et al. found that the tensile behavior of this composite withtwisted fibers is rate sensitive,
while the composite reinforced with hooked fibers showed no rate sensitive behavior. The in-
vestigated specimens with low volume fraction of the fiber content show higher strain sensitivity
than the higher volume fractions. KIM et al. stated that the rate-dependent behavior increases
with an increase in the matrix compression strength up to a cert in strength level, and then drops
again. Furthermore, one of the most important results is theconfirmation of the strong correla-
tion between the single fiber pullout and the overall composite tensile behavior regarding the rate-
dependent effects.
SILVA et al. [SILVA et al. 2010b] performed high speed tensile tests on sisal fiber reinforced
composite at strain rates in the range of5.5 × 10−6 to 24.6 s−1 using a servo-hydraulic testing
machine. A multiple cracking behavior was observed, and there was an increase in the ultimate
tensile strength by a dynamic increasing factor (the ratio of the dynamic to the static measured
strengths) of1.24. The first crack strength and the ultimate strain were also rate sensitive, while
the main failure mechanism was the fiber pullout. SILVA et al. presented simplified considerations
of the influence of the experimental setup and the corresponding system ringing by analyzing the
natural frequencies of the system, and consequently, extracting the stress oscillation observed in the
measured results. Furthermore, SILVA et al. used a simplified tension stiffening model developed
by SORANAKOM to simulate the crack spacing and the stress-strain response.
ZHU et al. [ZHU et al. 2010] conducted high speed tensile tests of laminatedcomposites reinforced
with three different fabrics, carbon, alkali resistant (AR) glass, and polyethylene (PE) fabrics.
The corresponding strain rates of the conducted tests were up to 22 s−1; the typical stress-strain
relations were measured, and the crack patterns and the failure behavior of each composite were
observed and discussed. ZHU et al. revealed that the differences in the tensile behaviorof the
various tested composites are correlated with the differences in the role of the used fabric materials.
Furthermore, they observed a multiple cracking behavior inall the tested composites. Nevertheless,
in carbon fabric composites, few visible cracks with very small widths developed, whereas the
failure develops near the specimen grips, and the fabric yarns e mainly pulled out from the
concrete matrix. For AR-glass composites, one of the developed multiple cracks dominates and
continues to grow and the other cracks close. After this, theforces are mainly carried by the fabric
yarns which bridge the developed main crack until the yarns facture or the yarn pullout occurs.
For the case of PE composites, a uniform multiple crack pattern d velops and the largest strain
capacity is measured in comparison to the other tested fabric composites. The cracking density
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of PE composites is higher than the other tested AR-glass andc rbon fabric composites. ZHU et
al. attributed this to the higher ductility of the PE fabricsand the good bonding properties in the
matrix-fabric interface.
It should be mentioned that most of the available experimental i vestigations on the tensile be-
havior of the fiber reinforced cementitious composites are not accompanied by further stand-alone
investigations of the single fiber pullout under the same dynamical loading conditions and for the
same used fiber and matrix. These further tests are supposed to provide a better understanding of
the obtained results, particularly the correlation between the composite tensile behavior, and the
fiber pullout is qualitatively reported by most of those available investigations. Furthermore, most
of conducted tensile tests often use one selected volume fraction of the fiber content, whereas con-
sidering different values of volume fractions is expected to provide comprehensive characterization
of the dynamical behavior of those composites. Additional ivestigations of the tensile behavior
of the used textile reinforcement layer under the same loading conditions are considered to be an
important demand, where those further investigations are beli ved to give further understanding of
the overall tensile behavior of the composite, since the post cracking behavior is characterized by
the stiffness of the used textile reinforcement which carries the loads.
Actually, only a few investigations are found within the available literature regarding the mechan-
ical analysis of the fiber crack bridging in the case of dynamical loads. LÜ et al. [LÜ et al. 2005]
performed an elastic analysis of an internal central crack which is bridged by fibers in an infinite
orthotropic elastic body, a simplified symmetrical dynamical model is proposed where the crack
tips move with a constant fracture velocity. The bridging fibers are assumed to be located at a
definite length in the vicinity of each crack tip and they are replaced by pairs of linearly distributed
traction forces on the crack faces. LÜ et al. distinguished between two problems, the first problem
considers the displacements are homogeneous functions. The solutions are first determined for a
load case of a normal point force applied on the crack surfaceand moved with a constant velocity
along the positive direction ofx-axis (this axis extends along the line that connects the crack tips,
or in other words, along the crack surfaces at the initial state); and by using the preceding solu-
tions, the superposition technique is used to find the soughtsolu ions under the linearly distributed
traction forces on the crack faces. The second problem considers the stresses are homogeneous
functions, the solutions are first determined for a load caseof a linearly increasing (over time)
normal point force applied on the crack surface at the originof the crack coordinates (i.e. at the
origin of the cartesianxy-coordinates which are used for the proposed symmetrical model of the
crack). By using the solutions from the preceding load case,the superposition technique is used to
determine the sought solutions under the linearly distribued traction forces on the crack faces.
COX et al. [COX et al. 2001] examined the problem of a single mode I crack propagation when the
crack is bridged by continuous fibers. They analyzed the fiberpullout problem regarding a rate-
independent frictional matrix-fiber interface and withoutincluding any bond energy. Analytical
solutions are provided for the coupled waves propagating inthe fibers and the matrix away from the
fracture plane of the bridged crack as the bridging traction, caused by the bridging fibers, increases
linearly with time. These solutions are employed to formulate time-dependent relation between
the bridging traction and the crack opening displacement. This relation is used consequently to
model the effects of the bridging fibers in the analyzed bridged crack. COX et al. discussed simple
criteria for the significance of the inertia effects in the bridged crack by comparing the obtained
results from the static and dynamic cases. They claimed thatfor bridging stresses that increase
linearly with time, the instantaneous crack displacement is less in the presence of inertia effects
than it would be under static loading conditions with the same bridging stresses.
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1.2.4 Investigations on the structure level
On the structure level, the little research work that can be found in the literature so far, was mainly
concerned with investigating the behavior of strengthenedstructural elements with fiber reinforced
composites under dynamical loads. WALLNER [WALLNER 2007] investigated the efficiency of us-
ing fiber reinforced composites in retrofitting the masonry walls under earthquakes. Different com-
binations of fiber materials (E-glass, carbon and polyester) and matrix materials (epoxy resin and
polymer cement mortar) were used. WALLNER reported that all the used strengthening compos-
ites give an increase in the load carrying capacity while their initial stiffnesses remain unchanged.
The composites of carbon fabrics and polymer cement matrix show the best performance. WALL -
NER claimed that the delamination mechanism associated with the polymer cement composite,
especially for an inclined fiber orientation to the loading direction, leads to a remarkable energy
dissipation and pseudo-ductile mechanisms. He also performed Finite Element simulations by
incorporating a developed material model of the strengthened masonry in the framework of the
plasticity and the damage theories.
MÜNICH [M ÜNICH 2011] investigated the dynamical behavior of strengthenedmasonries with
fiber reinforced cement composite under seismic loads. The main interest of his work was the
development of a hybrid multi-directional textile which allows the usage of different fibers with
different mechanical properties in the same direction. Consequently, the implementation of high
strength fibers in addition to fibers of good deformability, lead to an enhancement of the mechan-
ical performance of the used composite. Indeed, a resultantcombination of an increase in the
load carrying capacity in addition to an increase of the ductility behavior can be maintained by
utilizing this specific textile reinforcement. For the usedcomposite a cement-based matrix with
epoxy finish was selected. MÜNICH carried out different categories of experiments, small experi-
ments of Mode I and Mode II cracking behavior of strengthenedmasonry member, where different
parameters were considered; the mechanical properties of the used fibers, the orientations of the
textiles and the number of used orientations and the appliednormal stresses. He also performed
small wall tests under biaxial loading, in addition to real-size wall tests under different conditions
of stress situations. MÜNICH concluded that using a hybrid textile reinforced cement comp site
in retrofitting masonries offers a progressive fracture behavior as a result of the combination of the
different mechanical fiber properties (high strength fibersbe ides high strain capacity fibers) with
the cement matrix. The obtained shear strength can be fourfold compared to the case of unrein-
forced masonry [MÜNICH et al. 2008], and the shear deformations can be double the valu s of the
unreinforced walls. MÜNICH also used the derived experimental results to develop a macroscopic
material model of the strengthened masonry in the frameworkof the plasticity and the damage
theories.
1.2.5 Correlation between the fiber pullout mechanism and the tensile behavior
The correlation between fiber pullout and tensile behavior in fiber reinforced cementitious compos-
ites has often been reported by the available conducted experiments. ACKEREN et al. [ACKEREN
et al. 2010] stated that one cause of the observed delay in themultiple cracking of textile reinforced
specimens tested under high velocity tensile loading is theinfluence of the rate-dependent effects
of the bond behavior between the matrix and the fiber. SILVA [SILVA et al. 2010a] performed an
analysis of crack spacing of TRC specimens under high velocity tensile loading and claimed that
crack spacing decreases as the strain rate increases, due tothe increase in the matrix-fiber bond.
Nevertheless, some analytical approaches have been develop d t quantify the relation between
the fiber pullout and the tensile behavior, one of these approaches being introduced by KIM et
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al. [K IM et al. 2009, KIM 2009] where definite relations, first proposed by NAAMAN , are formu-
lated to calculate the first cracking strength and the post cracking behavior in the tensile behavior
of high performance fiber reinforced cement composites by using the equivalent bond strength of
the matrix-fiber interface. This bond strength is deduced from the pullout energy in the single
fiber pullout test. KIM [K IM 2009] also claimed that crack spacing shows strong dependency on
the equivalent bond strength. Moreover, regarding the rate-dependent behavior, this correlation
has been also issued, where the comparison between the obtained results of the dynamical fiber
pullout test [KIM et al. 2008] and the corresponding derived results of the dynamical tensile test of
high performance fiber reinforced cementitious specimens [K IM et al. 2009] is considered further
evidence of this correlation. Indeed, the important correlation between the fiber pullout and the
tensile behavior in fiber reinforced cementitious composites indicates strongly that fiber pullout is
a governing mechanism that affects the overall composite behavior. Therefore, the fiber pullout
mechanism has to be analyzed comprehensively by means of theexperimental investigations in
addition to the corresponding mechanical modeling.
1.2.6 Rate-dependent behavior of the concrete matrix and the fiber materials
Several experimental investigations have emphasized thatthe concrete matrix and the fiber are rate-
dependent materials. The relevant conducted tests of the rate-dependent behavior of the concrete
matrix have shown a common trend of an increasing strength wit the increasing values of the
strain rate. This behavior has been observed to vary when theconcrete is subjected to different
dynamical load cases. At the same strain rate, the larger value of the dynamic increasing factor
(the ratio of the dynamic to static measured strength) is experienced by the tensile loading case,
whereas the lowest is experienced by the compression loading case [ACI COMMITTEE 446 2004].
Rate-dependent behavior of the concrete matrix under tension:
As mentioned above, the tensile strength of the concrete matrix increases with the increasing values
of the strain rate [ROSSI et al. 1994, ACI COMMITTEE 446 2004]. Indeed, the corresponding
experimental results are often reported by a dynamic increasing factor in tensionDIFt (the ratio
of the dynamic to static measured tensile strength) with relation to the strain rate. Furthermore,
several modeling approaches have been proposed to characterize th observed enhancing behavior
of the concrete mechanical properties with the increasing values of the experienced strain rate.
The most prevailing models are the empirical models which use the relevant experimental data to
formulate the rate-dependent behavior as a relation between th dynamic increasing factor and the
strain rate in alog-plot. These models have been also adopted by several numerical Finite Element
codes. One of the most famous empirical models is the CEB-Model which has been presented
by CEB Bulletin 187 [COMITE EURO-INTERNATIONAL DU BETON (CEB) 1988] based on a
work by REINHARDT [REINHARDT 1985]. In the CEB-Model, the static strain rate isε̇sta =
3× 10−6 s−1 and the apparent change in slope of theDIFt versus the strain rate curves occurs at a
strain rate of30 s−1. MALVAR and CRAWFORD [M ALVAR & CRAWFORD 1998] proposed, based
on reviews of experimental observations, a modified CEB-Model formulation, where according to
observed experimental results, a static strain rate ofε̇sta = 1 × 10−6 s−1 was suggested, and a
proposed strain rate of1 s−1 at the apparent changing slope of theDIFt(ε̇) curves was adopted.
The corresponding relations of this modified CEB-Model havebe n defined as follows:
DIFt =
ft,dyn
ft,sta
=



1.0 , for ε̇ ≤ ε̇sta ;
( ε̇
ε̇sta
)δs , for ε̇sta < ε̇ ≤ 1 s−1 ;
βs(
ε̇
ε̇sta
)1/3 , for ε̇ > 1 s−1 ,
(1.1)
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whereβs = 10(6δs−2) and δs = 1.0/(1.0 + 8fc,sta/fco), ε̇sta = 1 × 10−6 s−1. Further pro-
posed empirical model relations can be found in [TEDESCO & ROSS 1998, SCHULER et al.
2006, KATAYAMA et al. 2007, ZHOU & H AO 2008].
Furthermore, several models have been also introduced by formulating the concrete constitutive
stress-strain relation within the context of the damage viscoelasticity and/or damage viscoplasticity
like in [M ALVAR et al. 1997, HÄUSSLER-COMBE & K ITZIG 2009, HÄUSSLER-COMBE & K ÜHN
2012, PEDERSENet al. 2008, CUSATIS 2011] and in many other publications.
Rate-dependent behavior of the concrete matrix under compression:
The experimental observations show that the concrete also exhibits a rate-dependent behavior un-
der compression loads. The compressive strength of the concrete matrix increases with the in-
creasing values of strain rates [JAWED et al. 1987, CURBACH & E IBL 1989, ACI COMMITTEE
446 2004], and a dynamic increasing factor in compressionDIFc (the ratio of the dynamic to the
static compressive strength) is normally provided with relation to the corresponding strain rates.
The corresponding empirical CEB-Model [COMITE EURO-INTERNATIONAL DU BETON (CEB)
1988], which is considered to be a widely acceptable empirical model by most researchers [MAL -
VAR & CRAWFORD 1998], is defined by the following relation:
DIFc =
fc,dyn
fc,sta
=



1.0 , for ε̇ ≤ ε̇sta = 30× 10−6 s−1 ;
( ε̇
ε̇sta
)1.026αs , for ε̇sta < ε̇ ≤ 30 s−1 ;
γs(
ε̇
ε̇sta
)1/3 , for ε̇ > 30 s−1 ,
(1.2)
wherefc,dyn is the dynamic compressive strength atε̇; fc,sta is the static compressive strength at
ε̇sta = 30 × 10−6 s−1 in N/mm2; γs = 10(6.156αs−2); αs = 1.0/(5 + 9fc,sta/fco). Moreover,
the apparent change in slope of theDIFc versus the strain rate curves occurs at a strain rate of
30 s−1. The preceding CEB-Model included that the values ofDIFc are higher with lower concrete
strength, which has been drawn according to several relevant experimental observations. But it
should be pointed out that the preceding conclusion is not unique, where some other investigations
have concluded that theDIFc tends to increase with increasing concrete strength [JAWED et al.
1987, ACI COMMITTEE 446 2004]. Nevertheless, the preceding inconsistent observations have
not been reported for the rate-dependent behavior of the concrete under tension.
Rate-dependent behavior of the fiber material:
In general, little relevant data is available so far regarding the mechanical properties of fibers under
high strain rates conditions [CHERIF et al. 2010]. CHERIF et al. [CHERIF et al. 2010] claimed
that under high strain rate conditions, some significant problems occur with respect to the available
testing techniques, like the influence of the used clamping techniques and the possible overestimat-
ing of forces due to the influence of the natural frequencies of the used load cell. Consequently,
problems in capturing the inherent dynamical properties ofthe tested fibers will occur.
The available investigations have revealed a rate-dependent behavior of the fiber. WANG and
X IA [WANG & X IA 2000] carried out an investigation of the dynamical tensileproperties of E-
glass, Kevlar-49, and polyvinyl alcohol (PVA) fiber bundlesusing the split HOPKINSON pressure
bar test and up to a strain rate of1500 s−1. All the investigated fiber bundles are found rate-
sensitive. Regarding the elastic modulus, the Kevlar-49 ismuch more rate-sensitive than the other
fiber types. It was found that, except for the elastic modulus, the rate-sensitivity degrees of all other
mechanical properties for E-glass and PVA are much greater than those for Kevlar-49. However,
the corresponding strain at the maximum stress and the characteristic tensile strain energy of the
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PVA fibers are much more rate-dependent than those of the E-glass fibers. Different fracture-
topographies are observed, where the E-glass fibers show a brittle fracture behavior, the PVA
fibers exhibit sharp and blunt fractures, whereas fiber splitting fracture is observed for the Kevlar-
49 fibers. Additionally, corresponding empirical models are p oposed to estimate these tensile
properties as functions of the strain rate.
YOUNES et al. [YOUNES et al. 2012] performed dynamical tensile tests of carbon filament yarns
using a self-constructed drop-weight testing machine under diff rent strain rates, in a range from
quasi-static to dynamic of80 s−1. They found an increase in the maximum fracture forces and the
corresponding tensile strength with increasing strain rates. The corresponding dynamic increase
factor of the tensile strength is about1.6 at strain rates9 − 17 s−1, and about2.0 to 2.5 at strain
rate of80 s−1. A corresponding increase of YOUNG’s modulus with increasing strain rates was
also reported. Furthermore, a brittle fracture mode was observed at the failure load.
1.3 Problem statement and objectives
The main observed characteristic mechanical behavior of TRC composite under tensile loading
which is claimed by the conducted experiments is the multiple cracking, where macrocracks de-
velop and bridge by the continuous fiber reinforcements. This distinguished behavior incorporates
accordingly three main damage mechanisms, the first is the fracture behavior of the concrete ma-
trix, the second is the fiber pullout from the concrete matrix, while the third is the fracture of the
fiber reinforcement (Fig. 1.3). Thereupon, sufficient analysis and understanding of these dam-
age mechanisms should be basically incorporated within theframework of any proposed research
investigation of TRC mechanical behavior. Regarding the static loading conditions many investiga-
tions have been conducted recently to analyze those observed damage mechanisms [BROCKMANN
2006,JESSE2004,RICHTER 2005]. On the other hand, regarding the dynamical loading coditi ns
neither sufficient experimental or theoretical investigations have been carried out as yet to analyze
those damage mechanisms.
Main objectives:
In the light of the preceding introduction, a main interest within this research work is directed
towards investigating the mechanical behavior of the fiber pullout from the concrete matrix under
dynamical loading, where two main objectives are considered accordingly:
• Investigation of the mechanical behavior of the fiber pullout from the concrete matrix under
different dynamical loading conditions by means of appropriate mechanical models. In these
mechanical models the characteristic constitutive behavior of the matrix-fiber interface is
provided appropriately by considering the damage behaviorof the interface in addition to
rate-dependent effects. A main attempt is made towards evaluating the sought responses of
the dynamical pullout problem by closed analytical solutions. Nevertheless, the complexity
associated with solving the corresponding nonlinear governing equations of motion in this
investigated problem calls for utilizing appropriate numerical solution schemes.
• Investigation of the mechanical behavior of the fiber crack bridging under dynamical tensile
loading.
General assumptions and considerations of the mechanical modeling scheme of the dynami-
cal pullout mechanism:
Any proposed mechanical model of the pullout mechanism (seean idealization of this mechanism
in Fig. 1.4) in fiber reinforced concrete composite should fundamentally take into account (ideally
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Fig. 1.3: Schematic illustration of the fiber crack bridgingmechanism of TRC under uniaxial ten-
sile loading (σ denotes the corresponding mean stress)
all) the following considerations, where excluding some ofthem would be for the purpose of
simplification of this complex nonlinear problem; These considerations are:
• The composite structural components, namely, the fiber, thematrix, and the matrix-fiber
interface are regarded within the performed mechanical model f the pullout problem. Thus,
the corresponding models can be characterized as heterogenous models on the mesoscale.
• Appropriate constitutive material models of the compositetructural components are imple-
mented:
– For the concrete matrix, an isotropic linearly elastic materi l model can be used. Nev-
ertheless, the stiffness of the textile cross section is relativ ly small compared to the
corresponding stiffness of the matrix cross section, and therefore, an assumption of a
rigid matrix can be employed for simplification purposes. Furthermore, the usage of
fiber bundles of the implemented textile reinforcement corresponds to relatively small
values of the transversal (radial) stiffness of these fiber bundles in comparison to the
matrix stiffness. Therefore, relatively small resulting transversal interaction forces in
the radial direction are developed in the concrete matrix1.
– For the fiber material, an isotropic linearly elastic material model is proposed. The
rate-dependent behavior of the fiber material can be included by introducing a more
appropriate material model.
1 Nevertheless, the preceding characteristic develops for the case of using deformed steel fibers or ripped steel bars in
a different manner [KIM 2009, WEATHERSBY 2003], where those transversal forces are of larger values and h ve
to be considered in the concrete matrix. In the latter case, an appropriate nonlinear material model of the concrete
matrix has to be considered correspondingly.
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Fig. 1.4: Idealization of the fiber pullout mechanism
– An appropriate damage material model of the matrix-fiber interface that considers the
damage behavior in addition to the rate-dependent effects of the interface has to be
employed.
• The dynamical pullout responses are deduced and analyzed und r different types of dynam-
ical loads, mainly under harmonic excitation and linearly increasing pullout displacement
functions.
Fig. 1.5 illustrates the followed strategy which is proposed for investigating the dynamical pullout
problem and the fiber crack bridging. It should be pointed outtha the calibration procedure of the
model parameters (item V in Fig. 1.5) is beyond the scope of the presented research work due to
the lack of the corresponding required experimental results. Moreover, simplification assumptions,
like neglecting the matrix according to the rigid matrix assumption, are used in order to find the
sought analytical solutions of this complex problem in an applicable manner. Nevertheless, the
proposed model and solution procedure are good basis for future development of more advanced
interface models, and hopefully, applicable for parameters identification from existing dynamical
pullout experiments.
1.4 Layout / General overview
Chapter 1 is a general introduction, the motivation of this re earch work is first introduced, and
then, the state-of-the-art of research work that have been prformed on the mechanical behavior
of textile reinforced cement composites under dynamical lods are provided within a framework
of a literature review. The damage mechanisms which are observed in textile reinforced cement
composites are addressed, and reviews of the conducted experimental and theoretical investigations
of the mechanical behavior of those composites under dynamical loads are introduced. Those
reviews cover the fiber pullout mechanism, the fiber crack bridging and the multiple cracking,
the mechanical behavior on the structure level, in additiono the correlation between the fiber
pullout and the tensile behavior which has often been claimed by the accomplished investigations.
Moreover, a review of the rate-dependent behavior of the concrete matrix and the fiber materials
is provided and discussed. Thereafter, the problem statement and the research objectives of this
research work are provided.
In Chapter 2 the governing constitutive relations of proposed material models of the matrix-fiber
interface are introduced and discussed with respect to the in erface damage behavior and the rate-
dependent effects as well. These material models are the linear y elastic damage model (EDM),
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Fig. 1.5: Structure of the proposed investigation algorithm for analyzing the dynamical pullout
mechanism and the corresponding application to the fiber crack bridging in TRC
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the viscoelastic material model (VEM), and two proposed viscoelastic damage material models
(VEDM-I and VEDM-II).
In Chapter 3 the mechanical analysis of the dynamical pullout mechanism is introduced. The cor-
responding governing differential equations of motion areformulated, and the sought solutions
are provided and discussed regarding two characteristically prescribed pullout displacement func-
tions, harmonic and linearly increasing pullout displacements functions. Those sought solutions
are found under the consideration of different employed constitutive material models of the matrix-
fiber interface, which are introduced in Chapter 2 within theframework of the damage behavior
and the rate-dependent effects.
Section 3.2 discusses the mechanical modeling schemes thatcan be employed to analyze the fiber
pullout mechanism. The analytical modeling approach is introduced, thereafter, the numerical
discrete modeling approaches are presented and discussed.
In Section 3.4 closed-form analytical solutions are provided under a prescribed harmonic pullout
displacements function and by regarding the EDM model of thematrix-fiber interface. Moreover,
the eigenvalues analysis is provided for the pullout problem r garding the undamaged and damaged
states of the interface. In the same section the dynamical responses of the pullout problem under
linearly increasing pullout displacements are provided numerically by means of a formulated DIS-
CRETE MODEL of the pullout problem. The complexity associated with the determination of the
sought solutions of the corresponding nonlinear differential equations of motion of this dynamical
problem calls for using numerical nonlinear solution schemes.
In Section 3.5 the analysis of the pullout problem is extended under the considerations of the
rate-dependent behavior of the interface. Firstly, the viscoelastic material model is selected for
the interface and closed analytical solutions are providedun er a prescribed harmonic pullout
displacement function. Furthermore, the dynamical solutins under linearly increasing pullout
displacements are estimated by using the DISCRETE MODEL of the pullout problem. Thereafter,
the developed viscoelastic damage material models, VEDM-Iand VEDM-II, are employed for the
matrix-fiber interface where the rate-dependent effects are included. The solutions are evaluated
under a prescribed linearly increasing pullout displacements function by means of the DISCRETE
MODEL of the fiber pullout mechanism. The numerical solutions thatare obtained by using the
DISCRETE MODEL of the pullout problem are verified by means of comparison with the corre-
sponding available analytical solutions.
In Chapter 4 the uniaxial tensile behavior of the textile reinforced concrete (TRC) specimen and
the corresponding fiber crack bridging mechanism are analyzed under dynamical tensile loads by
means of conducting appropriate mechanical modeling schemes. The corresponding differential
equations of motion of the tested specimen are formulated according to two different stages of
the tested specimen, the linearly elastic (uncracked) stage and the cracked stage. Furthermore,
heterogeneous Finite Element models of the tested specimenare also provided, and the results are
obtained and compared with the available experimental resuts.
Chapter 5 includes a summary of the obtained results in addition to the outlook.
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2 Constitutive material models of the matrix-fiber interface
2.1 Introduction
A main demand in the analysis of the dynamical fiber pullout problem is to identify the shear slip-
shear stress relation of the matrix-fiber interface according to an appropriate constitutive material
model. This material model should consider the damage behavior in addition to the rate dependent-
effects of the interface. In the light of this consideration, we introduce the relevant constitutive
equations of the following material models: the linearly elastic damage material model (EDM)
according to SIMO and JU [SIMO & JU 1987a, SIMO & JU 1987b], TURON et al. [TURON et al.
2006], and CHAVES [CHAVES 2013], the general viscoelastic material model (VEM), and two pro-
posed viscoelastic damage material models (VEDM-I and VEVM-II). These material models will
be implemented appropriately in the solution procedures ofthe dynamical fiber pullout problem,
once within the conducted closed analytical solution procedur s by the formulation of the shear
stress function of the matrix-fiber interface, and furthermo e, within the conducted numerical DIS-
CRETE MODEL of the dynamical pullout problem, where these introduced material models are
used in characterizing the constitutive material models ofthe nonlinear link elements (NL-Links)
which are used for modeling the interface.
2.2 Linearly elastic damage material model (EDM)
We introduce a slip-based symmetrical damage material model which is related to the history of
the shear slip function of the interface. For this proposed mo el, the damage behavior is the same
regarding the two opposite directions of the shear slip of the interface, or in other words, this
elastic damage behavior is the same regarding the two possible igns of the shear slip function at
the material point of the interface.
We start with introducing the free energy potential of the unit area of the matrix-fiber interface,
where it is defined by:
Ψ(s, d) =
(
1− d
)
Ψ0(s) , (2.1)
whereΨ0(s) is the initial stored energy function of the unit area in the undamaged state, and is
defined for the linear case asΨ0(s) = 1
2
K0s2, whereK0 is the linearly elastic stiffness of the
interface in the undamaged state, whiled is a scalar damage variable in the range of[0, 1.0], and
s is the shear slip function of the interface. The constitutive equation of the interface is obtained
accordingly by differentiating the free energy potential with respect to the slip:
τ(s) =
∂Ψ(s, d)
∂s
=
(
1− d
)
K0s , (2.2)
where the unloading process is assumed to be linearly elastic. During the damage evolution the
corresponding dissipative energy increment must be positive and therefore satisfies the condition:
Ψ0(s) ḋ > 0 . (2.3)
The corresponding energy dissipation per unit area of the interface during a time increment∆t of
the damage evolution is given by:
Ed =
∫ t+∆t
t
−∂Ψ(s, d)
∂d
ḋ dt . (2.4)
Now we will introduce the crucial attributes of the damage model which are the damage criterion,
the damage evolution law, and the formulations of the elastic damage tangent stiffness.
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2.2.1 The damage criterion
A damage criterion is introduced by the following relation tcharacterize the state of damage in
the interface:
F (ŝt, rt) = ŝt − rt ≤ 0 , (2.5)
wherert is the damage threshold at the current timet. If the initial value at the undamaged state
is defined byr0, then the conditionrt ≥ r0 must be satisfied, whilêst = |st|, which maintains the
symmetrical behavior of the damage as mentioned above, wherest is the shear slip of the interface
at the current timet. An equivalent damage criterion can be formulated in a more cnvenient
manner by the relation:
F̃ (ŝt, rt) = G(ŝt)−G(rt) ≤ 0 , (2.6)
whereG(· ) is a monotonic scalar function in the range[0, 1.0]. For a linear evolution law the latter
function can be defined by the relation:
G(ŝt) =
sf
ŝt
ŝt − sm
sf − sm
, (2.7)
where the parameterssm andsf are illustrated in Fig. 2.1.
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Fig. 2.1: Shear slip-shear stress relation according to theEDM model
2.2.2 The damage evolution law
The damage evolution law can be defined by the following rate formulation:
ḋt = µ̇
∂F̃ (ŝt, rt)
∂ŝt
= µ̇
∂G(ŝt)
∂ŝt
, (2.8)
ṙt = µ̇ , (2.9)
where,µ̇ ≥ 0, is the damage consistency parameter which defines the damage load/unload/reload
condition according to KUHN-TUCKER relation as follows:
µ̇ ≥ 0, F̃ (ŝt, rt) ≤ 0, µ̇ F̃ (ŝt, rt) = 0 . (2.10)
According to the preceding relation the following cases aredistinguished:
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• unloading or reloading behavior: in this caseF̃ (ŝt, rt) < 0, which meanṡµ = 0 andḋt = 0
according to Eq. (2.10)3 and Eq. (2.8) respectively, this means no further damage occurs.
• loading: in this caseµ̇ > 0 andF̃ (ŝt, rt) = 0 according to Eq. (2.10)3, which means further
damage occurs. The rate of the damage consistency parameteris given then byµ̇ = ˙̂s t. The
current damage threshold is then determined byrt = max(r0, max ŝt : 0 ≤ t ≤ t),
and the corresponding value of the damage variable isdt = G(ŝt). It can be realized that
this approach maintains the damage threshold,rt, to be a monotonic increasing function i.e.
ṙt ≥ 0.
2.2.3 The corresponding constitutive tangent stiffness
The constitutive elastic damage tangent stiffness can be determined by differentiating Eq. (2.2),
and by substituting the shear slip using the termŝ we get the following relation:
τ̇ (ŝ) =
(
1− d
)
K0 ˙̂s− ḋ K0 ŝ . (2.11)
Under the loading condition the rate of the damage variable is given by:
ḋ =
∂G(ŝ)
∂t
=
∂G(ŝ)
∂ŝ
˙̂s , (2.12)
where the derivative of the functionG is given for a linear damage evolution law by:
∂G(ŝ)
∂ŝ
=
sf sm
sf − sm
1
ŝ2
, (2.13)
and the substitution in Eq. (2.11) gives, for the loading condition, the following relation:
τ̇ (ŝ) =
[
sm
sm − sf
K0
]
˙̂s = Ktan ˙̂s . (2.14)
Thus, the constitutive tangent stiffness is then defined in ge eral for the EDM model by the fol-
lowing relation:
Ktan =



(
1− d
)
K0 , for ḋ = 0 ;
(
1− d
)
K0 − ∂G(ŝ)
∂ŝ
K0 ŝ , for ḋ > 0 .
(2.15)
Whereas for the specific case of employing a linear damage evolution law we can use the following
relation:
Ktan =



(
1− d
)
K0 , for ḋ = 0 ;
sm
sm−sf
K0 , for ḋ > 0 .
(2.16)
The EDM model will be used in Subsection 3.4.1 for the formulation of the shear stress function
of the interface within the analytical solutions of the dynamical pullout problem under a harmonic
pullout displacement. Additionally, it will be employed inSubsection 3.4.2 as a constitutive mate-
rial model of the nonlinear link elements within the conducted DISCRETEMODEL of the dynami-
cal pullout problem.
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2.3 Viscoelastic material model (VEM)
The constitutive equation of the interface in the case of using the general viscoelastic material
model [NIELSEN 2005] is formulated as:
τ(s, ṡ) + λ1 τ̇ (s, ṡ) = Ω1 s+ Ω2 ṡ , (2.17)
also the following equalities are valid:
τ(s, ṡ) = τ el = τ ve = κ̄
(
s− sve
)
= K0 sve + η̃ ṡve = Ω1 s + Ω2 ṡ
ve . (2.18)
The shear slip is decomposed into elastic and viscoelastic parts:
s = sel + sve . (2.19)
wheresel andsve are, respectively, the corresponding elastic and viscoelastic shear slip compo-
nents. The corresponding material parameters are:λ1 =
η̃
κ̄+K0
; λ2 =
η̃
K0
; Ω1 = κ̄ K
0
κ̄+K0
; Ω2 =
κ̄ η̃
κ̄+K0
,
where κ̄ is the stiffness of the elastic part,K0 is the stiffness in the viscoelastic part andη̃ is
the viscosity parameter of the viscoelastic part. Fig. 2.2 is an illustration of this material model
represented by Eq. (2.17).
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Fig. 2.2: Schematic illustration of the viscoelastic materi l model VEM
In the case of̄κ = ∞, KELVIN model is consequently obtained with the corresponding constitutive
equation:
τ(s, ṡ) = K0 s+ η̃ ṡ , (2.20)
and regarding Eq. (2.19) we get:
s = sve and sel = 0 . (2.21)
wheresel in the second equality in Eq. (2.21) corresponds to the part of the stiffness̄κ = ∞ with
respect to Fig. 2.2.
The corresponding tangent stiffness:
To obtain the corresponding tangent stiffness regarding the VEM model, we have to apply the
time derivative on the constitutive relation (2.18), and byconducting the relevant mathematical
manipulations we obtain the sought tangent stiffness as follows:
Ktan = κ̄
(
1− κ̄
η̃
s
ṡ
+
1
λ1
sve
ṡ
)
with λ1 =
η̃
κ̄+K0
. (2.22)
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2.4 Viscoelastic damage material model (VEDM-I)
In this type of material model a convenient term as a functionof the shear slip ratės is regarded in
the corresponding constitutive equations according to an appropriate approach. One approach can
be managed by adding a viscous component to the governing equation (2.2) of the above discussed
EDM model. The corresponding constitutive equation is thend fined by the following relation:
τ(s, ṡ) =
(
1− d
)
K0 s+ η̃ ṡ , (2.23)
whereη̃ is the viscosity parameter, the other parameters were definepreviously in Section 2.2.
Fig. 2.3 illustrates this material model characterized by Eq. (2.23). Moreover, the elastic damage
componentτ eld and the viscous componentτ v of the shear stress are provided by the following
relations:
τ eld =
(
1− d
)
K0 s and τ v = η̃ ṡ . (2.24)
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Fig. 2.3: Schematic illustration of the viscoelastic damage material model VEDM-I2
The corresponding tangent stiffness:
The tangent stiffness regarding the VEDM-I model can be formulated by differentiating Eq. (2.23)
as follows:
τ̇ (s, ṡ) =
(
1− d
)
K0 ṡ− ḋ K0 s+ η̃ s̈ , (2.25)
under loading condition and for the definition ofḋ we employ Eqs. (2.12) and (2.13) for the case
of using a linear damage evolution law. Consequently, we canwrite τ̇ as follows:
τ̇ (s, ṡ) =
[
sm
sm − sf
K0 + η̃
s̈
ṡ
]
ṡ = Ktanṡ . (2.26)
Thus, the sought tangent stiffness of the VEDM-I model can beformulated for the case of employ-
ing a linear damage evolution law according to the followingrelation:
Ktan =



(
1− d
)
K0 + η̃ s̈
ṡ
, for ḋ = 0 ;
sm
sm−sf
K0 + η̃ s̈
ṡ
, for ḋ > 0 .
(2.27)
2 The hatched box in each of Figs. 2.3 and 2.4 represents the elastic d mage part of each of these material models, i.e.
a spring with elastic damaged stiffness
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2.5 Viscoelastic damage material model (VEDM-II)
In this material model a viscoelastic component is added to the governing equation (2.2) of the
above discussed EDM model, and consequently, we obtain the following corresponding constitu-
tive relations:
τ(s, ṡ) = τ eld + τ ve =
(
1− d
)
K0 s+ τ ve , (2.28)
τ ve + λ̄1 τ̇
ve = η̃ ṡ , (2.29)
whereλ̄1 =
η̃
κ̄
, andκ̄, η̃ are , respectively, the elastic stiffness and the viscosityparameter of the
viscoelastic part,τ eld andτ ve are , respectively, the elastic damage and the viscoelasticcomponents
of the shear stress, while the other parameters have been introduced previously in Section 2.2. The
following relations are also valued:
τ ve = κ̄
(
s− sv
)
= η̃ ṡv , (2.30)
and
s = sv + λ̄1 ṡ
v , (2.31)
wheresv is the viscous shear slip in the viscoelastic part. Fig. 2.4 is a demonstration of this material
model represented by Eqs. (2.28) and (2.29).
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Fig. 2.4: Schematic illustration of the viscoelastic damage material model VEDM-II
The corresponding tangent stiffness:
By differentiating Eq. (2.28) and applying several relevant mathematical manipulations we can
formulate the corresponding tangent stiffness regarding the VEDM-II by the following relation for
the case of using a linear damage evolution law:
Ktan =



(
1− d
)
K0 + κ̄
(
1− κ̄
η̃
1
ṡ
(s− sv)
)
, for ḋ = 0 ;
sm
sm−sf
K0 + κ̄
(
1− κ̄
η̃
1
ṡ
(s− sv)
)
, for ḋ > 0 .
(2.32)
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3 Analysis of the dynamical pullout mechanism
In this chapter the analysis of the dynamical pullout problem is introduced. The motivation and
general assumptions of the presented analysis are first presented, and the mechanical modeling
approaches of the fiber pullout mechanism are then introduced. After that, the corresponding gov-
erning differential equations of motion are formulated, and the sought solutions are provided and
discussed regarding two characteristically prescribed pullout displacement functions, harmonic
and linearly increasing pullout displacements functions.Those sought solutions are developed via
the consideration of different employed constitutive materi l models of the matrix-fiber interface,
which were introduced previously in Chapter 2 within the framework of the damage behavior and
the slip rate-dependent effects.
3.1 Motivation and analysis assumptions
As has been mentioned previously, the fiber pullout from the concrete matrix is a main damage
mechanism which is observed in TRC structures under static and dynamical loads. While regarding
the fiber pullout problem under static loading conditions, several analytical and numerical analysis
approaches have been provided and discussed [RICHTER 2005, ZASTRAU et al. 2003, SCHORN
2003], on the other hand, regarding the dynamical loading conditi ns, no adequate mechanical
analysis procedures have yet been provided, and still to be considered a crucial and important de-
mand in understanding the mechanical behavior of TRC structu es under dynamical loads. From
the preceding matter of importance, some mechanical modeling approaches will be provided and
discussed in this research work for the fiber pullout problemunder dynamical loads. In the pre-
sented analysis procedures the fiber and the matrix are regarded s linearly elastic homogeneous
materials with a compact cross section, while the bond behavior in the matrix-fiber interface is con-
sidered with regard to the damage behavior in addition to theslip rate-dependent effects according
to the constitutive material models which were presented and discussed in Chapter 2.
3.2 Mechanical modeling approaches of the fiber pullout
In this section, a general review of the approaches that are typically used for modeling the me-
chanical behavior of the fiber pullout will be presented. Twomain categories of those mechanical
modeling approaches are normally recognized, the first is that of the analytical modeling proce-
dures, which provide closed-form solutions of the analyzedproblem. The second is that of the
discrete modeling approaches, which tend to find the sought solutions by using appropriate numer-
ical solving procedures.
3.2.1 Analytical modeling approach
According to this approach, a differential element in the analyzed domain is provided appropri-
ately with the corresponding stresses at the state of equilibri m, and the corresponding governing
differential equation of motion can be then formulated accordingly. The corresponding boundary
conditions of the analyzed problem are also defined and employed later in calculating the resultant
constants which are associated with the derived analyticalsolutions. Several analytical solution
algorithms are available so far for solving the governing differential equations of motion and pro-
viding closed-form expressions of the sought solutions. Onthe other hand, and with respect to the
known solution techniques that are presently at hand, the anticipated, or more favorable analyti-
cal solutions, may turn out to be too complicated for many cases of complex nonlinear problems.
Therefore, in those cases the numerical solution proceduremay be of more interest as a method to
be utilized.
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3.2.2 Discrete modeling approach
As discussed above, the main motivation of using this type ofm deling procedure is the com-
plexity that could be associated with deriving the sought solutions within closed-form analytical
formulations. The discrete modeling approach tends to discretize the governing differential equa-
tion(s) of motion at a finite number of spatial locations and at a finite number of instants of time
within the analyzed domain, and approximate solutions at these spatial locations are derived. In
the following the spatial and time discretization procedures will be presented and discussed briefly.
Spatial discretization
Generally, the most used types of the spatial discretization of textile reinforced cement composites
are:
• Lumping discretization method: where typically, a structured grid (or for some cases un-
structured grid) is constructed on the structural shape of the investigated domain, lumped
masses at the grid points are calculated, and the associatedstiffness of the elements that
connect those lumped masses are estimated appropriately. Therein the applied forces in ad-
dition to the boundary conditions are recognized at the corresponding grid points, and the
corresponding equations of motion of the DISCRETEMODEL assembly are then formulated.
• Finite Element (FE) discretization method: where the investigated domain is subdivided into
small subregions (elements), and on each subregion a polynomial is used to approximate
the solution. This method provides solutions of the field variables at the nodes and inside
the formed elements. A detailed explanation of the formulations of this method is found
within a wide variety of literature, to name but only few examples [HUGHES 2000, BATHE
1996, ZIENKIEWICZ & TAYLOR 1994, ZIENKIEWICZ & TAYLOR 1991].
In general, the Finite Element simulation of the fiber reinforced cement composites is done
according to two main types of models, the first type is the homogeneous model, where an
appropriate homogeneous material model is employed for thesimulated composite like an
appropriate continuum damage material model. In this case,the overall mechanical behav-
ior with the corresponding experimentally observed damagemechanisms under the different
loading conditions have to be incorporated in the formulated constitutive relations of the
employed material model. Moreover, an appropriate calibration with the relevant experi-
mental results has to be carried out. Nonetheless, the considerations and incorporation of
all the previous mentioned issues and for all the potential loading conditions within one ho-
mogeneous material model would be an optimal simulation work, but this would definitely
correspond to a huge number of parameters, therefore, many simplifications and assump-
tions are usually provided and applied. For the preceding issue , the second type, which is
the heterogeneous model, becomes of more interest, where the structural components of the
simulated composite are modeled on the micro- or mesoscale with the relevant constitutive
material models which are normally known. The mechanical interaction between the mod-
eled structural components are regarded in an appropriate mnner (like the cohesive zone
model for modeling the matrix-fiber interface or using a contact interaction analysis). Nev-
ertheless, the heterogeneous models are often of high numerical costs regarding the model
size and the time needed for calculations.
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Fig. 3.1 provides schematically the above explained modeling approaches that are typically fol-
lowed to analyze the dynamical fiber pullout problem3.
Furthermore, another characterization of the spatial discretization is provided according to the
used LAGRANGEAN or EULERIAN kinematics [HIERMAIER 2008]. Where according to the LA-
GRANGEAN kinematics, a material grid, or to say, a body fixed grid is used and the discretized
body points masses move according to the calculated kinematics. Whereas in cases of using the
EULERIAN kinematics, a spatial grid is employed, and the nodes are kept fix d in the space and
the material motion are observed as a flux through the cell wal.
Time discretization
Two main time discretization schemes are normally employedwith regard to the finite difference
representation of the time derivatives, the explicit time integration procedure, and the implicit
time integration procedure which is supplied with an appropriate iteration scheme in the case of
nonlinear problems [WILSON 2002, HUGHES2000, BATHE 1996].
3.3 Formulation of the governing differential equation of motion of the dynamical pullout
mechanism
The aim of this part of the study is to formulate the partial differential equations of motion of the
dynamical pullout mechanism regarding the matrix, the fiberand the interface. First, the corre-
sponding equations of motion of the fiber and the matrix are fomulated, and then the differential
equation of motion of the interface are also provided. It is refe red to here that for only the linearly
elastic case without considering the damage effects of the interface (with reference to Eq. (3.32)),
a similar derivation approach was presented by GRAFF [GRAFF 1991] for the linearly elastic anal-
ysis of the harmonic wave propagation in strings on linearlyelastic bases. In this work the analysis
is developed to consider the damage effects of the interface.
Now for the derivation of the equation of motion of the fiber a differential element of a length dx
is considered (see Fig. 3.2(b)), the sum of forces in thex-direction leads to:
Ar
∂
∂x
σr(x, t) dx = ρrAr dx ür(x, t)− ā dx τ(x, t) , (3.1)
the stress gradient in the fiber will be formulated by the following relation:
∂
∂x
σr(x, t) = ρr ür(x, t)−
ā
Ar
τ(x, t) , (3.2)
whereur andum are the displacements of the fiber and the matrix at the locatinx respectively,̄a
denotes the circumference of the homogeneous fiber cross section,Ar is the area of the homoge-
neous fiber cross section,σr is the axial stress of the fiber,ρr is the density of the fiber material,
while τ(x, t) is the shear stress of the interface. The partial derivativeccording to the time vari-
able ∂
∂t
is denoted by(˙). The constitutive equation of the fiber material as linearlyelastic behavior
is:
σr(x, t) = Er εr(x, t) , (3.3)
3 The verification and the calibration procedures are beyond the scope of this work due to the lack of the relevant
experimental results.
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Fig. 3.2: Schematic representation of the fiber pullout mechanism and a differential element in the
fiber at the locationx
whereEr is the YOUNG’s modulus of the fiber material, the strain in the fiber is defined as:
εr(x, t) =
∂
∂x
ur(x, t) . (3.4)
By substituting in Eq. (3.2) the following relation is obtained:
Er
∂
∂x
εr(x, t) = ρr
∂2
∂t2
ur(x, t)−
ā
Ar
τ(x, t) , (3.5)
and therefore,
Er
∂2
∂x2
ur(x, t) = ρr
∂2
∂t2
ur(x, t)−
ā
Ar
τ(x, t) . (3.6)
Now the partial differential equation of motion of the fiber can be written as the following:
∂2
∂x2
ur(x, t) =
1
c2r
∂2
∂t2
ur(x, t)−
ā
ErAr
τ(x, t) , (3.7)
wherecr is the wave speed in the fiber:
cr =
√
Er
ρr
. (3.8)
In the same manner the partial differential equation of motion of the matrix can be deduced as
follows:
∂2
∂x2
um(x, t) =
1
c2m
∂2
∂t2
um(x, t) +
ā
EmAm
τ(x, t) , (3.9)
with cm as the wave speed in the matrix:
cm =
√
Em
ρm
, (3.10)
whereAm is the cross section area of the matrix,Em is the YOUNG’s modulus of the matrix
material andρm is the density of the matrix material.
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(b) Free body diagram of a differential element at the loca-
tion x
Fig. 3.3: Free body diagram regarding the entire model and a differential element of a length dx
Now the corresponding equation of motion of the matrix-fiberinterface can be formulated, that
means the relation between the shear stressτ(x, t) and the shear slips(x, t) under the dynamical
load conditions. Fig. 3.3 represents the corresponding free body diagram, the internal forces in the
matrix and the fiberNr(x, t), Nm(x, t) are illustrated, while the corresponding inertia forces are
not drawn. Regarding the free body diagram on Fig. 3.3(a) thepullout force can be written as:
P (t) = Nr(x, t) +Nm(x, t) + Arρr
∫ l
x
ür(ξ, t) dξ + Amρm
∫ l
x
üm(ξ, t) dξ . (3.11)
By considering the differential element of the length dx (see Fig. 3.3(b)) the following relation is
achieved:
N(x, t) = Nr(x, t) +Nm(x, t) = Nr(x, t) +
∂
∂x
Nr(x, t) dx+Nm(x, t)
+
∂
∂x
Nm(x, t) dx− Arρr ür(x, t) dx−Amρm üm(x, t) dx , (3.12)
which leads to the relation:
∂
∂x
Nr(x, t) dx+
∂
∂x
Nm(x, t) dx = Arρr ür(x, t) dx+ Amρm üm(x, t) dx . (3.13)
It can be established that the partial derivative of the total axial force is related to the inertia effects
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by the following relation:
∂
∂x
N(x, t) =
∂
∂x
Nr(x, t) +
∂
∂x
Nm(x, t) = Arρr ür(x, t) + Amρm üm(x, t) . (3.14)
Also the partial derivative of the normal forces of the fiber in addition to the matrix can be formu-
lated by the following relations:
∂
∂x
Nr(x, t) = −ā τ(x, t) + Arρr ür(x, t) , (3.15)
∂
∂x
Nm(x, t) = ā τ(x, t) + Amρm üm(x, t) . (3.16)
The shear slip in the matrix-fiber interface is defined as the relative displacement between the fiber
and the matrix:
s(x, t) = ur(x, t)− um(x, t) , (3.17)
and by differentiating with respect tox:
∂
∂x
s(x, t) =
∂
∂x
ur(x, t)−
∂
∂x
um(x, t) , (3.18)
and the strain in the matrix is defined as:
εm(x, t) =
∂
∂x
um(x, t) . (3.19)
Now, with reference to Eqs. (3.4) and (3.19) the preceding relation (3.18) is rewritten as follows:
∂
∂x
s(x, t) = εr(x, t)− εm(x, t) , (3.20)
and the second derivative of the shear slip with respect tox is written as:
∂2
∂x2
s(x, t) =
∂
∂x
εr(x, t)−
∂
∂x
εm(x, t) . (3.21)
The strains in the matrix and the fiber are defined by:
εr(x, t) =
Nr(x, t)
ErAr
and εm(x, t) =
Nm(x, t)
EmAm
, (3.22)
and by substituting in Eq. (3.21) the following partial differential equation is obtained:
∂2
∂x2
s(x, t) =
1
ErAr
∂
∂x
Nr(x, t)−
1
EmAm
∂
∂x
Nm(x, t) . (3.23)
Now the derivatives of the normal forces in the matrix and thefib r, given by Eqs. (3.15) and (3.16),
can be substituted in the resulting equation (3.23) as:
∂2
∂x2
s(x, t) = − ā
ErAr
τ(x, t) +
ρrAr
ErAr
ür(x, t)
− ā
EmAm
τ(x, t)− ρmAm
EmAm
üm(x, t) , (3.24)
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this leads to the following differential equation of motionf the matrix-fiber interface:
∂2
∂x2
s(x, t) = −
(
1
ErAr
+
1
EmAm
)
ā τ(x, t)
+
1
c2r
∂2
∂t2
ur(x, t)−
1
c2m
∂2
∂t2
um(x, t) . (3.25)
The equivalent stiffness(EA)∗ is introduced according to the following relation:
1
(EA)∗
=
1
ErAr
+
1
EmAm
, (3.26)
consequently, Eq. (3.25) can be rewritten as the following:
∂2
∂x2
s(x, t) = − 1
(EA)∗
ā τ(x, t) +
1
c2r
∂2
∂t2
ur(x, t)−
1
c2m
∂2
∂t2
um(x, t) . (3.27)
3.4 Analysis of the dynamical pullout behavior of a single fiber from a rigid matrix regard-
ing an elastic damage model (EDM) of the matrix-fiber interface
In this section the elastic damage model which has been presented and discussed in Section 2.2
will be implemented for the matrix-fiber interface as a constitutive material law. The solutions
of the dynamical fiber pullout problem will be sought and analyzed under two different cases of
prescribed pullout displacement functions at the fiber tip,the first loading case is a harmonic pull-
out function with definite amplitude and excitation frequency, whereas the second load case is a
linearly increasing pullout displacement function. The performed analysis and the correspond-
ing obtained solutions regarding the first load case will be discussed in Subsection 3.4.1, while
Subsection 3.4.2 will consider the analysis and the accomplished solutions under the second load
case.
In order to find the analytical solution in an applicable manner, and due to the difference in the
cross sectional areas between the matrix and fiber, an assumption of a rigid matrix will be used
(EmAm → ∞). This assumption leads to the following considerations:
• the equivalent stiffness(EA)∗ can be approximately replaced by the fiber stiffnessErAr,
and
• the strains in the matrix will be neglected i.e.εm = 0, consequently,s(x, t) = ur(x, t).
According to the previous considerations, Eq. (3.27) can bewritten in the following form:
∂2
∂x2
s(x, t) =
1
c2r
∂2
∂t2
s(x, t) +
1
ErAr
ā τ(x, t) . (3.28)
Furthermore, Eq. (3.22)1 gives (with respect to the equalitys(x, t) = ur(x, t) and Eq. (3.4)) the
fiber normal force by the following relation:
Nr(x, t) = ErAr
∂
∂x
s(x, t) , (3.29)
whereas the matrix normal forceNm(x, t) can be calculated accordingly from Eq. (3.11).
In the following subsection the solutions will be found under a harmonic pullout displacements
function and with respect to an employed elastic damage model (EDM) of the matrix-fiber inter-
face.
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3.4.1 Solution of the differential equation of motion of thedynamical pullout mechanism
under harmonic pullout displacements regarding an elasticdamage model (EDM) of
the matrix-fiber interface
In this part of the analysis procedure the solutions of the formulated differential equation of mo-
tion Eq. (3.28) of the dynamical pullout problem will be found and discussed under a prescribed
harmonic pullout displacement function at the fiber tip and with considering a EDM of the matrix-
fiber interface.
To begin with, the constitutive shear stress-shear slip relation of the matrix-fiber interface(τ − s)
is defined by the following relation:
τ(s) =



K0 s , for |s| ≤ sm ;(
1− d(s)
)
K0s , for sm < |s| ≤ sr ;
τr sgn(ṡ) , for |s| > sr ,
(3.30)
wheresgn denotes the signum function, andd(s) is the damage variable which can be defined for
a linear damage evolution law by:
d(s) =
(s− sm) sf
(sf − sm) s
, (3.31)
the termssm, sf , sr, K0, andτr are illustrated graphically in Fig. 3.4(b). It should be indicated
that with reference to the constitutive relation Eq. (2.2),the EDM which has been presented in
Section 2.2 is recalled and employed within the previous relation Eq. (3.30). Furthermore, an
additional term regarding the friction stress, which is reached when the interface is completely
damaged, is added to the constitutive relation. Nonetheless, the analysis of the dynamical pullout
problem is presented in this research work for slip values inthe range ofs ≤ sr, whereas the
analysis of the pullout problem under friction shear stresses in the interface is not a part of this
work and should be regarded in future work.
In the following stage the dynamical responses under prescribed harmonic pullout displacements
at the fiber tip of an amplitudeCn and a frequencyλ, i.e. Cn eiλt (wherei =
√
−1), will be
established for different cases. The sought dynamical responses will first be determined for the
case of an undamaged interface, which implies an amplitude of the shear slip of the interface that
is less than the value ofsm. Subsequently, the damage behavior will be regarded and thesought
responses will be established for the case of a damaged interface, which corresponds to a developed
damage zone in the interface, with an amplitude of the shear slip that is greater than the value of
sm.
Analytical solution under prescribed harmonic pullout displacements at the fiber tip in the
case of undamaged interface
In this case the values of the shear slip of the interface correspond to the linearly elastic part of
the shear stress-shear slip relation shown in Fig. 3.4(b), therefore, if we denote the corresponding
responses under the harmonic excitation, or in other words,the steady state responses by the term
2̂ we can write the deduced differential equation of motion Eq.(3.28) in the following form:
∂2
∂x2
ŝ(x, t)− ke1
Er
ŝ(x, t)− 1
c2r
∂2
∂t2
ŝ(x, t) = 0 , (3.32)
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Fig. 3.4: Schematic representation of the shear stress distribution amplitude in the case of un-
damaged interface and the employed constitutive shear stress-shear slip relation of the
interface
where:
ke1 =
K0 ā
Ar
. (3.33)
For the solution of Eq. (3.32) under the harmonic excitationat the fiber tip,Cn eiλt, the following
ansatz can be used:
ŝ(x, t) = y(x) eiλt , (3.34)
where the termy(x) can be interpreted as the amplitude of the spatial distribution of the shear
slip function along the interface. The substitution of the proposed ansatz in Eq. (3.32) leads to the
following:
∂2y(x)
∂x2
eiλt − ke1
Er
y(x) eiλt +
1
c2r
λ2 y(x) eiλt = 0 , (3.35)
∂2y(x)
∂x2
−
(
ke1
Er
− 1
c2r
λ2
)
y(x) = 0 . (3.36)
We define the expression in brackets in the previous equationby:
ω̄2 =
ke1
Er
− 1
c2r
λ2 , (3.37)
therefore, Eq. (3.36) is now written as:
∂2y(x)
∂x2
− ω̄2 y(x) = 0 . (3.38)
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In order to find the solution of Eq. (3.38) we have to realize the dependency of the sought solution
on the value of̄ω2, thus, three different characteristic cases are distinguished: ω̄2 > 0, ω̄2 < 0
andω̄2 = 0 accordingly. The later characteristic case ofω̄2 = 0 implies a distinctive value of the
frequency which will be denoted by the cutoff frequency (λcut) and is given, thus, by the following
relation:
λcut = cr
√
ke1
Er
. (3.39)
Nonetheless, Eq. (3.37) is defined as “the frequency spectrum” of the vibration system, which is
illustrated graphically in Fig. 3.5. The termsℜ(ω̄) andℑ(ω̄) on Fig. 3.5 denote the real and the
imaginary parts of̄ω, respectively. This spectrum was also presented by GRAFF [GRAFF 1991] for
the linearly elastic analysis of harmonic wave propagationin strings on elastic base.
R(ω )
λ
_ I(ω )
_
λ
cut
Fig. 3.5: Frequency spectrum of the interface
The solution for the characteristic casēω2 > 0
This case corresponds to a frequency domain that satisfies the condition:−λcut ≤ λ ≤ λcut, while
the solution of Eq. (3.38) is formulated now by the followingrelation:
y(x) = C1 e
ω̄x + C2 e
−ω̄x , (3.40)
and accordingly, the solution Eq. (3.34) becomes:
ŝ(x, t) =
(
C1 e
ω̄x + C2 e
−ω̄x
)
eiλt , (3.41)
where the constantsC1 andC2 are determined later on by utilizing the corresponding boundary
conditions of the pullout problem. The shear stress of the interface is obtained now according to
Eqs. (3.41) and (3.30)1 by the following relation:
τ̂ (x, t) = K0 ŝ(x, t) = K0
(
C1 e
ω̄x + C2 e
−ω̄x
)
eiλt . (3.42)
With respect to the proposed rigid matrix assumption, the normal force in the fiber can be calcu-
lated according to Eq. (3.29) and by utilizing the obtained shear slip (Eq. (3.41)) as follows:
N̂r(x, t) = ErAr
∂
∂x
ŝ(x, t)
= ErArω̄
(
C1 e
ω̄x − C2 e−ω̄x
)
eiλt . (3.43)
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Now, in order to determine the integration constants we utilize the corresponding boundary condi-
tions:
N̂r(0, t) = 0 , (3.44)
v̂(t) = ŝ(l, t) = Cn e
iλt . (3.45)
By substituting the previous relations Eq. (3.44) and Eq. (3.45) in Eq. (3.43) and Eq. (3.41), re-
spectively, we get:
C1 − C2 = 0 , (3.46)
and
C1 e
ω̄l + C2 e
−ω̄l = Cn . (3.47)
Hence, operating on equations Eqs. (3.46) and (3.47) will give the constantsC1 andC2:
C1 = C2 =
Cn
eω̄l + e−ω̄l
=
Cn
2 cosh(ω̄l)
. (3.48)
By substituting of the calculated constants in the relevantequations (3.41), (3.42), and (3.43) the
sought after solutions are obtained as follows:
ŝ(x, t) =
cosh(ω̄x)
cosh(ω̄l)
Cn e
iλt , (3.49)
τ̂ (x, t) =
cosh(ω̄x)
cosh(ω̄l)
K0Cn e
iλt , (3.50)
N̂r(x, t) = ErAr ω̄
sinh(ω̄x)
cosh(ω̄l)
Cn e
iλt , (3.51)
whereas the time function of the pullout force can be calculated by substitutingx = l in the latter
relation (3.51):
P̂ (t) = ErAr ω̄ tanh (ω̄l)Cn e
iλt . (3.52)
Fig. 3.6(a) illustrates the shear slip distribution in the interface according to this case (ω̄2 > 0).
The solution for the characteristic casēω2 < 0
This case corresponds to a frequency domain that satisfies the conditionλ > λcut, the solution of
the equation (3.38) is then given by the relation:
y(x) = C1 e
iω̄x + C2 e
−iω̄x , (3.53)
in order to simplify the calculation procedure we introduceth termω̄∗ which satisfies the relation:
ω̄∗2 = −ω̄2 thus, ω̄∗ = ± i ω̄ . (3.54)
Consequently, introducing the term̄ω∗ will allow Eq. (3.53) to be rewritten in the following form:
y(x) = C1 e
ω̄∗x + C2 e
−ω̄∗x . (3.55)
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In the light of the preceding solution, Eq. (3.55), the functions of the shear slip̂s(x, t), the shear
stresŝτ (x, t) and the fiber normal forcêNr(x, t) will be given by the following equations accord-
ingly:
ŝ(x, t) =
(
C1 e
ω̄∗x + C2 e
−ω̄∗x
)
eiλt , (3.56)
τ̂ (x, t) = K0
(
C1 e
ω̄∗x + C2 e
−ω̄∗x
)
eiλt , (3.57)
N̂r(x, t) = ErAr ω̄
∗
(
C1 e
ω̄∗x − C2 e−ω̄
∗x
)
eiλt . (3.58)
Indeed, the similar structure between the equations (3.56), (3.57) , (3.58) and the equations (3.41),
(3.42) , (3.43), respectively, can be clearly realized, which comes from introducing the term̄ω∗.
This similarity means that the followed approach of calculating the integration constants, which
was designated for the first case (ω̄2 > 0), can be reapplied here. Consequently, the time history
functions of the sought responses will be written as:
ŝ(x, t) =
Cn
(eω̄∗l + e−ω̄∗l)
(
eω̄
∗x + e−ω̄
∗x
)
eiλt , (3.59)
τ̂ (x, t) =
K0Cn
(eω̄∗l + e−ω̄∗l)
(
eω̄
∗x + e−ω̄
∗x
)
eiλt , (3.60)
N̂r(x, t) =
ErAr ω̄
∗Cn
(eω̄∗l + e−ω̄∗l)
(
eω̄
∗x − e−ω̄∗x
)
eiλt . (3.61)
The preceding relations of the obtained solution can be written n the following form:
ŝ(x, t) =
cos(ω̄x)
cos(ω̄l)
Cn e
iλt , (3.62)
τ̂ (x, t) =
cos(ω̄x)
cos(ω̄l)
K0Cn e
iλt , (3.63)
N̂r(x, t) = −ErAr ω̄
sin(ω̄x)
cos(ω̄l)
Cn e
iλt , (3.64)
and the corresponding time function of the pullout force is given, therefore, by the following
relation:
P̂ (t) = −ErAr ω̄ tan (ω̄l) Cn eiλt . (3.65)
Moreover, the preceding relations (3.62), (3.63), and (3.64) can also be formulated by the following
equations which express the obtained solution of this case (ω̄2 < 0) as a summation of incident
and reflected waves with a propagation velocity ofλ/ω̄ for each of them:
ŝ(x, t) =
Cn
2 cos(ω̄l)
(
ei(ω̄x+λt) + e−i(ω̄x−λt)
)
, (3.66)
τ̂ (x, t) =
K0Cn
2 cos(ω̄l)
(
ei(ω̄x+λt) + e−i(ω̄x−λt)
)
, (3.67)
N̂r(x, t) =
ErAr i ω̄ Cn
2 cos(ω̄l)
(
ei(ω̄x+λt) − e−i(ω̄x−λt)
)
. (3.68)
Fig. 3.6(b) shows the shear slip distribution in the interface according to this case (ω̄2 < 0),
moreover, the derived solutions must satisfy thecomplementary conditionswhich will be presented
later in this chapter (see page 45).
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The solution for the characteristic casēω2 = 0
This case corresponds to a frequency valueλ = λcut which is defined by Eq. (3.39). The solution
of Eq. (3.38) is then obtained by the direct integration as:
y(x) = C1 x+ C2 , (3.69)
consequently, the solution of Eq. (3.32) is provided by:
ŝ(x, t) = (C1 x+ C2) e
iλcutt . (3.70)
Furthermore, the shear stress of the interface is obtained according to Eqs. (3.70) and (3.30)1 by:
τ̂ (x, t) = K0 (C1 x+ C2) e
iλcutt . (3.71)
According to the proposed rigid matrix assumption, the normal force in the fiber can be calculated
according to Eq. (3.29) and by using the obtained shear slip (Eq. (3.70)) as:
N̂r(x, t) = ErAr
∂
∂x
ŝ(x, t)
= C1 e
iλcutt . (3.72)
Now, in order to determine the integration constants we utilize the following boundary conditions
regarding the shear slip and the normal force at the fiber boundaries:
ŝ(l, t) = Cn e
iλcutt , (3.73)
N̂r(0, t) = 0 , (3.74)
the substitution of Eq. (3.74) and Eq. (3.73) in Eq. (3.72) and Eq. (3.70), respectively, gives:
C1 = 0 and C2 = Cn . (3.75)
Conclusively, the time history functions of the shear slip,the shear stress and the fiber normal force
will be given by the following equations:
ŝ(x, t) = Cn e
iλcutt , (3.76)
τ̂ (x, t) = K0Cn e
iλcutt , (3.77)
N̂r(x, t) = 0 . (3.78)
The proper solutions which correspond to the case ofλ = λcut reveals a special characteristic
behavior that can be comprehended as a rigid-body-like motion. This type of behavior is associ-
ated with the cutoff frequencyλcut. Fig. 3.6(c) shows the shear slip distribution of the interface
according to this investigated case (ω̄2 = 0).
Analytical solution under prescribed harmonic pullout displacements at the fiber tip in the
case of a damaged interface
In this case and with respect to the shear slip-shear stress relation, two different parts along the
interface are distinguished, the first part has a length ofxr0 and corresponds to shear slip values
smaller thansm, which means a correspondence to the elastic part of the shear lip-shear stress
relation (Fig. 3.7(b)). This part will be denoted by the undamaged zone of the interface (UDZ).
3.4 Analysis of the dynamical pullout behavior of a single fiber from a rigid matrix regarding an
elastic damage model (EDM) of the matrix-fiber interface 39
-Cn
0 l
Location x along the fiber axis  
S
h
ea
r 
sl
ip
 o
f 
th
e 
in
te
rf
ac
e 
Cn
Fiber
axis
(a) Characteristic case ofω̄2 > 0 (λ < λcut)
S
h
ea
r 
sl
ip
 o
f 
th
e 
in
te
rf
ac
e 
0 l
C
-C
n
n
w
incwref 
Location x along the fiber axis  
Fiber 
axis
w
ref 
: Reflected wave                    w
inc
: Incident wave
(b) Characteristic case of̄ω2 < 0 (λ > λcut)
S
h
ea
r 
sl
ip
 o
f 
th
e 
in
te
rf
ac
e 
0 l
Location x along the fiber axis   
Cn
-Cn
Fiber
axis
(c) Characteristic case of̄ω2 = 0 (λ = λcut)
Fig. 3.6: Graphical illustration of the spatial distribution of the shear slip of the undamaged inter-
face according to different possible characteristic casesfor ω̄2
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The second part has a length of (l − xr0) and corresponds to the damage evolution zone of the
shear slip-shear stress relation, therefore, we will designate this part as the damaged zone of the
interface (DZ). In the following part the corresponding governing equation of motion will be stated
for each distinguished zone, the boundary and the continuity conditions between the two zones of
the interface will be utilized appropriately with the aim offinding the corresponding integrations
constants, and consequently, of getting the sought after responses of this case.
Part 1 (UDZ):
For this part of the interface the analysis procedure which was followed previously in finding
the analytical solutions of the undamaged interface (starting from Eq. (3.32)) can be recalled and
applied here effectively, but with regarding the corresponding length of this zonexr0. Conse-
quently, the equation of motion given by the relation Eq. (3.32) is valid, and we can therefore
recall Eqs. (3.41), (3.42) and (3.43) as the corresponding responses for the case of (ω̄2 > 0):
ŝ(x, t) =
(
C1 e
ω̄x + C2 e
−ω̄x
)
eiλt , (3.79)
τ̂ (x, t) = K0
(
C1 e
ω̄x + C2 e
−ω̄x
)
eiλt , (3.80)
N̂r(x, t) = ErAr ω̄
(
C1 e
ω̄x − C2 e−ω̄x
)
eiλt . (3.81)
The corresponding boundary conditions of this part of the int rface are:
N̂r(0, t) = 0 , (3.82)
ŝ(xr0, t) = sm e
iλt , (3.83)
where by substituting Eqs. (3.82) and (3.83) in Eqs. (3.81) and (3.79), respectively, the following
is achieved:
C1 − C2 = 0 , (3.84)
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Fig. 3.7: Schematic representations of the shear stress distribution amplitude in the case of a dam-
aged interface and the employed constitutive shear stress-shear slip relation of the inter-
face
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C1 e
ω̄xr0 + C2 e
−ω̄xr0 = sm . (3.85)
Now, from Eqs. (3.84) and (3.85) the constantsC1 andC2 can be obtained:
C1 = C2 =
sm
2 cosh(ω̄x
r0)
. (3.86)
Consequently, the substitution of the calculated constantin the relevant equations (3.79), (3.80),
and (3.81) will provide us with the sought after responses ofthe UDZ of the interface:
ŝ(x, t) = sm
cosh(ω̄x)
cosh(ω̄xr0)
eiλt , (3.87)
τ̂ (x, t) = τm
cosh(ω̄x)
cosh(ω̄xr0)
eiλt , (3.88)
N̂r(x, t) = ErAr ω̄ sm
sinh(ω̄x)
cosh(ω̄xr0)
eiλt , (3.89)
whereτm is the corresponding bond strength regarding the employed sh ar stress-shear slip relation
(Fig. 3.7(b)).
Part 2 (DZ):
For this part of the interface Eq. (3.28) is recalled as the corresponding governing equation of
motion. Furthermore, by substituting the shear stress functio regarding the relation (3.30) for
shear slip values in the rangesm < s ≤ sr, the equation of motion in the rangexr0 < x < l can be
formulated by the following relation:
∂2
∂x2
ŝ(x, t)− 1
c2r
∂2
∂t2
ŝ(x, t)− ke1
Er
(
1−D(x)
)
ŝ(x, t) = 0 , (3.90)
whereD(x) is denoted by the damage distribution function of the interface which will be provided
shortly.
Nevertheless, the solution under the prescribed harmonic pullout displacements is formulated by
the following ansatz:
ŝ(x, t) = y(x) eiλt , (3.91)
substituting in Eq. (3.90) the following is achieved:
∂2y(x)
∂x2
eiλt − ke1
Er
(
1−D(x)
)
y(x) eiλt +
1
c2r
λ2 y(x) eiλt = 0 . (3.92)
Furthermore, the damage distribution function of the interface, D(x), can be derived from
Eq. (3.31) by substituting the spatial distribution function of the shear slipy(x):
D(x) =
y(x)− sm
sf − sm
sf
y(x)
, (3.93)
the proposed ansatz can now be substituted along with the provided functionD(x) in Eq. (3.92),
which leads, consequently, to:
∂2y(x)
∂x2
−
(
ke1
Er
− 1
c2r
λ2
)
y(x) +
ke1
Er
y(x)− sm
sf − sm
sf = 0 . (3.94)
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By managing a few related mathematical treatments we get:
∂2y(x)
∂x2
−
(
ke1
Er
− 1
c2r
λ2 − q02
Ersm
)
y(x)− q02
Er
= 0 , (3.95)
where:
q02 =
τs ā
Ar
, (3.96)
whereτs is shown in Fig. 3.7(b). Moreover, it can be easily proved that:
ke1
Er
− q02
Ersm
=
Z2 ā
ErAr
=
ke2
Er
,
where the constantke2 is defined as:
ke2 =
Z2 ā
Ar
, (3.97)
whereZ2 ≤ 0 is the slope of the damage zone of the shear stress-shear sliprelat on.
Consequently, Eq. (3.95) can be written now as:
∂2y(x)
∂x2
+ ω
2
y(x)− q02
Er
= 0 , (3.98)
where:
ω
2
=
| ke2 |
Er
+
1
c2r
λ2 . (3.99)
The solution of Eq. (3.98) is a summation of particular and homogeneous parts:
y(x) = yp(x) + yh(x) , (3.100)
consequently, the following is achieved:
y(x) =
q02
Erω
2 + C1 e
iωx + C2 e
−iωx . (3.101)
The substitution of this solution in Eq. (3.91) will providethe shear slip function of the interface:
ŝ(x, t) =
(
q02
Erω
2 + C1 e
iωx + C2 e
−iωx
)
eiλt . (3.102)
Moreover, with respect to Eq. (3.30)2 the shear stress distribution can be derived by the following
relation:
τ̂ (x, t) =
(
1−D(x)
)
K0 ŝ(x, t) ,
=
(
1−D(x)
)
K0 y(x) eiλt . (3.103)
Using the relevant relation of the damage distribution functionD(x) given by Eq. (3.93) the pre-
ceding shear stress function can be written according to thefollowing relation:
τ̂ (x, t) =
[
K0 y(x)− y(x) sf
sf − sm
K0 +
sf sm
sf − sm
K0
]
eiλt , (3.104)
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and by substitutingy(x) from Eq. (3.101) the following relation of the shear stress di tribution in
the interface is provided:
τ̂ (x, t) =
[
Z2
(
q02
Er ω
2 + C1 e
iωx + C2 e
−iωx
)
+ τs
]
eiλt . (3.105)
Furthermore, the normal force in the fiber can be calculated according to Eqs. (3.29) and (3.102)
as:
N̂r(x, t) = ErAr i ω
(
C1 e
iωx − C2 e−iωx
)
eiλt . (3.106)
The corresponding boundary conditions which are needed forcalculating the integration constants
for the damage zone are:
N̂r(xr0, t) = N̂r0(t) = ErAr ω̄ sm tanh(ω̄xr0) e
iλt , (3.107)
ŝ(xr0, t) = sm e
iλt , (3.108)
whereN̂r0(t) is calculated accordingly from Eq. (3.89) of the undamaged zone, also a termNr0 is
defined by:
Nr0 = ErAr ω̄ sm tanh (ω̄xr0) . (3.109)
The substitution of the conditions given by Eq. (3.108) and Eq. (3.107) in the derived relations
(3.102) and (3.106), respectively, will give the followingrelations:
C1 e
iωxr0 + C2 e
−iωxr0 = sm −
q02
Er ω
2 , (3.110)
C1 e
iωxr0 − C2 e−iωxr0 =
Nr0
ErAr i ω
, (3.111)
and by applying some mathematical operations the constantsC1 andC2 are provided:
C1 =
1
2
(
sm −
q02
Er ω
2 +
Nr0
ErAr i ω
)
e−iωxr0 , (3.112)
C2 =
1
2
(
sm −
q02
Er ω
2 −
Nr0
ErAr i ω
)
eiωxr0 . (3.113)
The corresponding system responses in the damaged zone (DZ)of the interface can now be written
as the following:
ŝ(x, t) =
[
q02
Er ω
2 +
1
2
(
sm −
q02
Er ω
2 +
Nr0
ErAr i ω
)
eiω(x−xr0)
+
1
2
(
sm −
q02
Er ω
2 −
Nr0
ErAr i ω
)
e−iω(x−xr0)
]
eiλt , (3.114)
τ̂ (x, t) =
[
Z2
q02
Er ω
2 + τs +
1
2
Z2
(
sm −
q02
Er ω
2 +
Nr0
ErAr i ω
)
eiω(x−xr0)
+
1
2
Z2
(
sm −
q02
Er ω
2 −
Nr0
ErAr i ω
)
e−iω(x−xr0)
]
eiλt , (3.115)
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N̂r(x, t) =ErAr i ω
[
1
2
(
sm −
q02
Er ω
2 +
Nr0
ErAr i ω
)
eiω(x−xr0)
− 1
2
(
sm −
q02
Er ω
2 −
Nr0
ErAr i ω
)
e−iω(x−xr0)
]
eiλt . (3.116)
Furthermore, to simplify the preceding relations the mathematical relations,cos(bt) = e
ibt+e−ibt
2
,
andsin(bt) = e
ibt−e−ibt
2i
are employed, consequently, the sought responses in the DZ of the interface
are provided by:
ŝ(x, t) =
[
q02
Er ω
2 +
(
sm −
q02
Er ω
2
)
cos
(
ω (x− xr0)
)
+
(
Nr0
ErAr ω
)
sin
(
ω (x− xr0)
) ]
eiλt , (3.117)
τ̂ (x, t) =
[
Z2
q02
Er ω
2 + τs + Z2
(
sm −
q02
Er ω
2
)
cos
(
ω (x− xr0)
)
+ Z2
(
Nr0
ErAr ω
)
sin
(
ω (x− xr0)
) ]
eiλt , (3.118)
N̂r(x, t) =ErAr ω
[
−
(
sm −
q02
Er ω
2
)
sin
(
ω (x− xr0)
)
+
(
Nr0
ErAr ω
)
cos
(
ω (x− xr0)
) ]
eiλt , (3.119)
whereNr0 is defined by Eq. (3.109).
For the determination of the corresponding length of the UDZof the interfacexr0 the following
boundary condition at the fiber tip can be employed:
ŝ(x, t) |x=l= Cneiλt . (3.120)
The preceding condition is substituted in Eq. (3.117) and the following characteristic relation is
obtained:
(
sm −
q02
Er ω
2
)
cos
(
ω (l − xr0)
)
+
(
ω̄/ω
)
sm tanh (ω̄ xr0) sin
(
ω (l − xr0)
)
= Cn −
q02
Er ω
2 . (3.121)
Hence, solving the preceding characteristic equation of the single variablexr0, analytically or
numerically, will provide the soughtxr0 accordingly.
Moreover, the time history function of the pullout force is provided using the following relation:
P̂ (t) = ErAr ω
[
−
(
sm −
q02
Er ω
2
)
sin
(
ω (l − xr0)
)
+
(
Nr0
ErAr ω
)
cos
(
ω (l − xr0)
) ]
eiλt .
(3.122)
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The stiffness distribution of the interface is provided by:
K(x) =
(
1−D(x)
)
K0 , (3.123)
where the damage distribution functionD(x) is 0 in the UDZ (i.e. in the range0 ≤ x < xr0),
whereas in the DZ (xr0 ≤ x ≤ l) the functionD(x) is given by Eq. (3.93). The functiony(x),
which appears in Eq. (3.93), is evaluated in the DZ with respect to Eq. (3.101) and the calculated
integration constants by:
y(x) =
[
q02
Er ω
2 +
(
sm −
q02
Er ω
2
)
cos
(
ω (x− xr0)
)
+
(
Nr0
ErAr ω
)
sin
(
ω (x− xr0)
) ]
for xr0 ≤ x ≤ l . (3.124)
Complementary conditions: It should be stressed that the provided solution of the DZ ofthe
interface must satisfy the following two conditions:
• the first condition implies:min |y(x)| ≥ sm : x ∈ [xr0, l], otherwise the shear stress is,
analytically, greater than the bond strengthτm. This can also be concluded by recognizing
the function of the damage variable provided by Eq. (3.31). In order to satisfy this condition,
additional analytical techniques must be used.
• whereas the second condition implies:max |y(x)| ≤ sr : x ∈ [xr0, l], else, a zone of friction
shear stresses in the interface is developed, where this case is not a part of this analysis
scheme and should be considered in future work.
Special case: If the damage zone (DZ) dominates along the interface, the equation of motion of
this case is defined by Eq. (3.90), and the derived relations (3.102), (3.105 ), and (3.106) are used
as the corresponding responses. The following boundary conditi s are also applied:
N̂r(0, t) = 0 , (3.125)
ŝ(l, t) = Cn e
iλt . (3.126)
The substitution of the relations (3.125) and (3.126) in Eqs. (3.106) and (3.102) respectively, along
with conducting the relevant analytical exploitations will produce the sought after responses of this
case:
ŝ(x, t) =
[
q02
Er ω
2 +
(
Cn −
q02
Er ω
2
)
cos(ωx)
cos(ωl)
]
eiλt , (3.127)
τ̂ (x, t) =
[
Z2
q02
Er ω
2 + Z2
(
Cn −
q02
Er ω
2
)
cos(ωx)
cos(ωl)
+ τs
]
eiλt , (3.128)
N̂r(x, t) = −ErAr ω
(
Cn −
q02
Er ω
2
)
sin(ωx)
cos(ωl)
eiλt , (3.129)
while the pullout force is given by the relation:
P̂ (t) = −ErAr ω
(
Cn −
q02
Er ω
2
)
tan(ωl) eiλt . (3.130)
Nevertheless, the provided solutions of this case must alsosatisfy the complementary conditions
which have been mentioned above.
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Eigenvalue analysis of the vibrated pullout system
The eigenvalue problem of the vibrated interface is conducted in two different cases, the first case
considers the undamaged interface, while the second case con iders the damaged interface. This
analysis is essential and provides us with the required understanding of the dynamical behavior of
the fiber pullout problem.
Eigenvalues and normal modes of a pullout system with an undamaged interface:
With reference to the corresponding equation of motion of the system of undamaged interface
Eq. (3.32) we use the following ansatz for the determinationof the eigenvalues of the system with
undamaged interface:
ŝ(x, t) = y0(x) e
i ω0 t , (3.131)
where the substitution in Eq. (3.32) will lead to the following characteristic equation:
∂2y0(x)
∂x2
− ψ2 y0(x) = 0 , (3.132)
with,
ψ
2
=
ke1
Er
− 1
c2r
ω20 , (3.133)
whereke1 is provided by Eq. (3.33). The corresponding solution of Eq.(3.132) is defined by:
y0(x) = C1 e
ψ x + C2 e
−ψ x , (3.134)
whereas the corresponding derivative with respect to the locati nx is given as:
∂y0(x)
∂x
= ψ C1 e
ψ x − ψ C2 e−ψ x . (3.135)
In order to find the constantsC1 andC2 a distinction is made between two different cases regarding
the boundary conditions, free-free and free-fixed boundaries.
Case of free-free boundaries:
For this case the following boundary conditions are applied:
∂y0(0)
∂x
= 0 , (3.136)
∂y0(l)
∂x
= 0 , (3.137)
hence, substituting the preceding conditions in Eqs. (3.134) and (3.135) gives:
C1 = C2 = C , (3.138)
and,
ψ 2C sinh
(
ψ l
)
= 0 . (3.139)
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For Eq. (3.139) two cases are distinguished, the first case is:
ψ = 0 ⇒ from Eq. (3.133): ω20 = c2r
ke1
Er
= λ2cut .
The previous case corresponds to the mode of the rigid-body motion. The second case of
Eq. (3.139) is:
sinh
(
ψ l
)
= 0 ⇒ ψn l = i π n ,
thus,
ψn
free−free
= i
π n
l
: n = 0, 1, 2, 3, 4, ... (3.140)
wheren denotes the index of the extracted normal modes. Consequently, from Eq. (3.133) the
required natural frequencies of the system with undamaged int rface are achieved:
ω0n
free−free
= cr
[
ke1
Er
+
(π n
l
)2]0.5
. (3.141)
Moreover, thenth eigenvalue of the system is defined by the relation:
ω20n
free−free
= λ2cut + c
2
r
(π n
l
)2
, (3.142)
where the cutoff frequencyλcut was given above by Eq. (3.39). For the vibrated pullout system
of an undamaged interface and with free-free boundaries, thmode of the indexn = 0 (which
corresponds toω0(n=0) = λcut) is the mode of the rigid-body motion. This mode was also derived
from the first case when solving Eq. (3.139) as explained above. Indeed, from Eq. (3.142) the
inequalityω0n ≥ λcut can be clearly recognized.
Furthermore, the spatial distribution of thenth normal mode of the interface, which can be inter-
preted as the correspondingth eigenvector, is defined by the relation:
y0n(x)
free−free
= C
(
ei
π n
l
x + e−i
π n
l
x
)
= 2C cos
(π n
l
x
)
. (3.143)
Eventually, the normalizednth normal mode, if denoted bŷSn(x, t), is provided for the system
with the undamaged interface withfree-freeboundaries by:
Ŝn(x, t)
free−free
= 1.0 cos
(π n
l
x
)
ei ω0n t : n = 0, 1, 2, 3, 4, ... . (3.144)
Case of free-fixed boundaries:
For the case of a pullout system with undamaged interface andof free-fixed boundaries, a similar
approach can be accomplished to get the following relations, the normalizednth normal mode:
Ŝn(x, t)
free−fixed
= 1.0 cos
(π n
2l
x
)
ei ω0n t : n = 1, 3, 5, 7, ... (3.145)
and the corresponding natural frequency:
ω0n
free−fixed
= cr
[
ke1
Er
+
(π n
2l
)2]0.5
, (3.146)
whereω0n > λcut. The corresponding eigenvalue of the vibrated system is:
ω20n
free−fixed
= λ2cut + c
2
r
(π n
2l
)2
. (3.147)
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Eigenvalues and eigenvectors of a pullout system with a damaged interface:
For the case of a damaged interface, where the secant stiffnes of the interface is not uniform
but defined by
(
1 − D(x)
)
K0, the numerical solution by means of a DISCRETE MODEL of the
pullout problem will be employed for calculating the soughteigenvalues and the corresponding
normal modes. The concepts of this used numerical model willbe thoroughly explained later
in Subsection 3.4.2, while here only the used characteristic relation of the eigenvalue problem is
introduced:
KΦ = ω20 MΦ , (3.148)
where with respect to the DISCRETE MODEL of the pullout problem,M is the mass matrix,K
is the stiffness matrix, andω20n andΦn are the correspondingn
th eigenvalue and normal mode,
respectively.
Numerical solution by using the cohesive zone model in a Finite Element modeling approach
A corresponding Finite Element (FE) model is performed for the pullout problem using the cohe-
sive zone model for simulating the matrix-fiber interface. This FE model is used in the following
practical examples (1) and (2) as a comparison model for the derived analytical solutions which
are illustrated graphically (like in Fig. 3.12 and so on). Fig. 3.8 illustrates a FE model which
X
Y
X
Y
Z
Fiber
Matrix-fiber interface
 cohesive layer
Fig. 3.8: FE model of the pullout problem performed in ABAQUS
is performed in ABAQUS. The fiber is regarded with C3D8R elements, whereas the interface is
simulated by a layer of cohesive zone elements of the type COH3D8 with a predefined traction-
separation relation. This relation is illustrated graphically in Fig. 3.7(b) and defined by the follow-
ing corresponding parameters:K0 = 652 (N/mm2)/mm, sm = 0.005 mm, sf = 0.0941 mm,
sr = 0.08mm, τm = 3.26 N/mm2, τs = 3.44 N/mm2 andτr = 0.517 N/mm2.
Example (1)
The previously obtained solutions of the dynamical pulloutproblem of a fiber from a rigid ma-
trix will be clarified via a practical example for the case ofω̄2 > 0 andsm < Cn ≤ sr. The
investigated fiber length isl = 5 mm, and the following parameters are provided for the fiber
geometry and material properties: YOUNG’s modulusEr = 72000 N/mm2, cross section area
Ar = 3.14 × 10−4 mm2, circumference of the fiber cross sectionā = 6.28 × 10−2 mm, density
ρr = 2.7× 10−9 tonne/mm3. The used parameters of the fiber material are based on a studydone
by BANHOLZER [BANHOLZER 2004] within the collaborative research center SFB 532 [HEGGER
& B RUCKERMANN 2001].
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The parameters of the constitutive shear stress-shear sliprelation regarding the employed EDM
with a linear damage evolution function (namely,K0, sm, sf , sr, τm, τs andτr) are, respectively, of
the same values used for the definition of the traction-separation relation of the cohesive elements
in the performed FE model (see page 48). The amplitude of the harmonic excitation at the fiber
tip: Cn = 6.125× 10−2 mm and the corresponding excitation frequency:λ = 1× 105 s−1.
According to the given parameters we get by means of Eq. (3.33): ke1 = 13.04 × 104 N/mm2,
whereas the cutoff frequency is then provided with reference to Eq. (3.39):λcut = 69.496×105 s−1.
The frequency spectrum of the pullout system with an undamaged interface:
By substituting the relevant parameters in Eq. (3.37) the corresponding characteristic equation of
the frequency spectrum of the pullout system with an undamaged interface is obtained:
1.88111− 3.75× 10−14λ2 = ω̄2 . (3.149)
The graphical illustration of the frequency spectrum is shown in Fig. 3.9. We should keep in mind
that this introduced spectrum is valid only for the undamaged interface, whereas due to the stiffness
degradation, no cutoff frequency is defined for the damaged interface.
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Fig. 3.9: The frequency spectrum of the undamaged interface
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The dynamical pullout responses:
For the calculation of the undamage zone lengthxr0 we employ the derived characteristic equation
Eq. (3.121) and solve it numerically. The corresponding soluti n is illustrated in Fig. 3.10, where
f1 andf2 are the left and right sides of the solved equation respectively, andxr0 = 1.9437mm.
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Fig. 3.10: Calculation ofxr0 by plotting(f1−f2) with relation toxr0,i
(
f1 andf2 are, respectively,
the left and right sides of Eq. (3.121), andi here is the trial index of the numerical
solution procedure
)
The time history response of the shear slip in the interfaceŝ(x, t) is illustrated in Fig. 3.11 for
one period of time regarding the applied excitation frequency at the fiber tip. This time history
response is calculated by using the obtained solutions of the shear slip provided by Eqs. (3.87) and
(3.114) of the undamaged and damaged zones of the interface,espectively.
Furthermore, the shear slip distribution in the interface is plotted in Fig. 3.12 at two selected time
steps, and results from numerical solutions obtained from FE model performed in ABAQUS (see
Fig. 3.8) are provided for comparison. A good match between th two obtained solutions can
clearly be realized.
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The shear stress distribution function is also provided as atime history response in one period
of the harmonic excitation in Fig. 3.13, where this responseis calculated with reference to the
relevant obtained solutions Eqs. (3.88) and (3.118) regarding the undamaged and damaged zones
of the interface. Moreover, the shear stress is also provided in Fig. 3.14 at two selected time steps
along with the results obtained from the performed FE model for comparison.
"reTau_All.DAT" every 5:5 nonuniform matrix using 1:2:3
 0
 1
 2
 3
 4
 5
Location x in mm
-3.50
-1.75
 1.75
 3.50 τ(x,t) in N/mm2 
0.4
0.6
1.0
Time t in T0.2
0.8
τ(x,t) in N/mm2 
 0
Shear stress
^
^
-3.50
-1.75
 0
 1.75
 3.50
0
Fig. 3.13: Time history response of the shear stress distribution in the interface regarding one
period of time of the harmonic excitation at the fiber tip
(
T = 6.2832 × 10−2ms
)
(
Example (1)
)
0.00
0.50
1.00
1.50
2.00
2.50
3.00
3.50
0.0 1.0 2.0 3.0 4.0 5.0
Location x in mm
^
Analytic (t
2
)
 FE (t
2
)
Analytic (t
1
)
FE (t
1
)S
h
ea
r 
st
re
ss
 τ
(x
,t
) 
in
 N
/m
m
2
Fig. 3.14: Shear stress distribution in the interface at twoselected time steps,t1 = 5.23× 10−2ms
and t2 = 6.2832 × 10−2ms according to the performed analytical model and the FE
simulation
(
Example (1)
)
3.4 Analysis of the dynamical pullout behavior of a single fiber from a rigid matrix regarding an
elastic damage model (EDM) of the matrix-fiber interface 53
In the same manner and based on the acquired solutions Eqs. (3.89) and (3.119), a graphical illus-
tration of the fiber normal force response is provided in Fig.3.15 as a time history response in one
period, and additionally at two selected time steps in Fig. 3.16.
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Moreover, the time history function of the pullout force in oe period is provided in Fig. 3.17,
whereas the corresponding pullout force-pullout displacement relation is also illustrated in
Fig. 3.18.
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Example (2)
In this example the length of the investigated fiber is chosenasl = 20mm, while regarding the
material properties and the cross section and the shear stress-sh ar slip relation, we employ the
same values which have been used in the previous practical example.
The amplitude of the applied harmonic excitation at the fibertip Cn = 6.125 × 10−2mm and the
corresponding excitation frequency is selected to be higher than the one used in the first example,
λ = 20× 105 s−1.
The dynamical pullout responses:
We start with calculating the length of the undamaged zonexr0 by solving Eq. (3.121) numerically.
The corresponding numerical solution is illustrated by Fig. 3.19 as the intersection points with the
horizontal axisxr0,i.
Indeed, it can be clearly realized that no unique solution isprovided, but multiple values ofxr0
are obtained. Nevertheless, the characteristic physical value which has to be chosen is selected ac-
cording to an approach of a parametric study regarding the applied frequencyλ. According to this
approach we consider the applied frequencyλ as varying parameter, whereas the corresponding
values ofxr0 are calculated by solving Eq. (3.121).
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index of the numerical solution procedure
)
Consequently, the characteristic value ofxr0 is chosen for every corresponding value ofλ so that
the functionxr0(λ) must be continuous over the range of the applied frequencies. Thi could be
physically understood that no shifts inxr0 values are permitted for a monotonic variation of the
applied frequencyλ. Thus, in the current example the characteristic value of the undamage zone
length according to this approachxr0 = 16.2mm.
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Figs. 3.20 and 3.21 illustrate the shear slip distribution in the interface as a time history response
and at a selected time stept1 respectively. Moreover, results from numerical solutionsbtained
from FE model performed in ABAQUS are provided for comparison, where a good matching be-
tween the two obtained solutions can substantially be realiz d.
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In a similar representation approach, the shear stress distribution is also illustrated in Figs. 3.22
and 3.23. The slight deviation of the stress obtained from the numerical solution is attributed to
the damping effects that are included within the constitutive relations of the cohesive elements and
the used numerical time integration scheme for the aim of enhancing the solution convergence.
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Furthermore, the fiber normal force distribution along the fib r length is illustrated in Fig. 3.24 as a
time history response in one periodT , and additionally in Fig. 3.25 at a chosen time stept1 besides
a solution that was derived from the performed FE model for the aim of comparison.
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Moreover, the corresponding time history of the pullout force in addition to the pullout force-
pullout displacement relation are shown in Figs. 3.26 and 3.27 respectively.
-0.40
-0.30
-0.20
-0.10
0.00
0.10
0.20
0.30
0.40
0.2 0.4 0.6 0.8 1.0
P
u
ll
o
u
t 
fo
rc
e 
P
(t
) 
in
 N
Time t in T
0.0
Analytic
FE
^
Analytic
FE
Fig. 3.26: Time history response of the pullout force regarding one period of time of the harmonic
excitationT = 3.1416× 10−3ms according to the performed analytical model and the
FE simulation
(
Example (2)
)
P
u
ll
o
u
t 
fo
rc
e 
P
(v
) 
in
 N
Pullout displacement v in 10-2 mm
-7.0 -5.25 -3.5 1.75 3.5 5.25 7.0-1.75
-0.40
-0.30
-0.20
-0.10
0.00
0.10
0.20
0.30
0.40
Analytic
FE
^
^
^
nalytic
Fig. 3.27: Pullout force-pullout displacement relation according to the performed analytical model
and the FE simulation
(
Example (2)
)
60 3 Analysis of the dynamical pullout mechanism
Extraction of the eigenvalues and eigenvectors:
Table 3.1 encloses the first five extracted eigenvalues and the corresponding natural frequencies of
the undamaged interface with reference to the derived relations Eqs. (3.142) and (3.141). Mean-
while, for the case of the damaged interface with respect to the applied excitation in this example,
the first five extracted eigenvalues and the corresponding normal frequencies are provided accord-
ingly in Table 3.2 regarding the numerical DISCRETE MODEL of the analyzed pullout problem as
it has been previously explained.
Undamaged interface
Normal mode indexn Eigenvalue [× 1014] Natural frequency [× 107 s−1]
0 0.4830 0.6950
1 0.4895 0.6996
2 0.5090 0.7135
3 0.5416 0.7359
4 0.5872 0.7663
Table 3.1: The first five eigenvalues and the corresponding natural frequencies in the case of the
undamaged interface with free-free boundaries,l = 20mm
(
Example (2)
)
Damaged interface
Normal mode indexn Eigenvalue [× 1014] Natural frequency [× 107 s−1]
1 0.0796 0.2821
2 0.3903 0.6248
3 0.4855 0.6968
4 0.5053 0.7109
5 0.5436 0.7373
Table 3.2: The first five eigenvalues and the corresponding natural frequencies in the case of the
damaged interface with free-free boundaries,l = 20mm, Cn = 0.06125 mm and
λ = 20 × 105 s−1
(
Example (2)
)
Furthermore, the corresponding normal modes are illustrated for the undamaged and damaged
interface in Fig. 3.284. The distribution of the stiffness in the interface and the corresponding
damage distribution function are provided in Fig. 3.29.
4 These illustrated normal modes of the damaged interface (Figs. 3.28(b) and 3.28(d)) are related to the given values
of the applied excitation amplitude and frequency at the fiber tip. For other values ofCn andλ, different damage
zone length in the interface is developed, and therefore, diff rent eigenvalues and eigenvectors are obtained.
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Example (3) (Parametric study)
The subject of interest in this example is to investigate thevariation in the dynamical responses de-
rived from the accomplished analytical model of the dynamical pullout problem regarding different
values of the excitation frequencyλ, and under the same amplitude of the harmonic displacement
at the fiber tipCn. Moreover, this parametric analysis is performed regarding ifferent values of
the fiber lengthl.
Table 3.3 provides the different employed values of the parameters considered in this parametric
study. Regarding the selected shear stress-shear slip relation, in addition to the fiber cross section
and the material properties, the same relevant values whichhave been used previously in the first
practical example are recalled and employed for the this example.
Fiber length Amplitude Frequency
l [mm] Cn [mm] λ [×105 s−1]
λ1 = 1.00
λ2 = 13.00
5.0 0.06125 λ3 = 17.37
λ4 = 20.85
λ5 = 21.20
λ1 = 1.00
10.0 0.06125 λ2 = 13.00
λ3 = 15.85
λ1 = 10.00
20.0 0.06125 λ2 = 20.00
λ3 = 22.90
Table 3.3: Used values of the parametric study accomplishedin xample (3)
Fig. 3.30 shows the spatial distributions of the amplitudesof the shear slip, shear stress and the fiber
normal force regarding a fiber lengthl = 5.0 mm under different values of the applied excitation
frequency (Table 3.3).
It can clearly be seen that the increasing values ofλ correspond to increasing values of the damage
zone length in addition to different responses of the fiber normal forces due to different corre-
sponding values of the interface shear stress and the inertia fo ces in the fiber.
In a similar manner, Figs. 3.31 and 3.32 provide the results of his parametric analysis regarding
other fiber lengthsl = 10.0mm andl = 20.0mm respectively.
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3.4.2 Solution of the differential equation of motion of thedynamical pullout mechanism
under a linearly increasing pullout displacement functionregarding an elastic damage
model (EDM) of the matrix-fiber interface
As has been stated out before, the pullout responses are sought under two main types of prescribed
pullout displacements, the first is a harmonic pullout displacement with a definite amplitude and
frequency, which has been analyzed and discussed in the previous Subsection 3.4.1, whereas the
second type is a linearly increasing pullout displacementsfunction with a constant velocity which
will be analyzed in this subsection. In the latter case, a numerical solution approach to the cor-
responding differential equations of motion becomes more att active. Moreover, this solution ap-
proach also becomes of interest since the proposed nonlinear material model of the matrix-fiber
interface turns the corresponding equations of motion intononlinear differential equations. The
outline of this subsection will be as follows; the formulation of a DISCRETE MODEL of the pull-
out problem will first be provided. Next, various relevant numerical considerations regarding the
formulation of the nonlinear forces and the tangent stiffness regarding the employed EDM model
of the matrix-fiber interface will be presented appropriately. Finally, the results of selected appli-
cations of the current problem will be presented and discussed accordingly.
Formulation of a D ISCRETE M ODEL of the fiber pullout problem:
We now apply a convenient spatial discretization procedureon the fiber pullout problem using the
lumping discretization scheme, where a uniform grid of a consta t grid spacing is proposed, and a
corresponding discrete model of the continuum fiber pulloutproblem is provided. According to the
proposed grid, an appropriate lumping procedure will be applied with which the mass and stiffness
matrices of the DISCRETE MODEL are formulated and the boundary conditions also considered
correspondingly. Moreover, the matrix-fiber interface is regarded in this model by means of a layer
of discrete nonlinear elements (NL-Links), with a predefined constitutive material law according
to the employed nonlinear material model of the interface.
With reference to Fig. 3.33, the equation of forces equilibrium at the model nodeg, or in other
words, of the discrete point mass which is located at this grid point, is formulated as follows:
f ts,g − f ts,g−1 + rte,g = mg ütr,g + f tNL,g , (3.150)
wheref ts,g andf
t
s,g−1 are the nodal forces at nodeg due to the elements stresses. Indeed, we mean
here the fiber discrete elements which connect the point masses, where this helps in formulating
these forces with relation to the axial stiffness of these dicrete elementskg, kg−1 as the following:
kg
(
utr,g+1 − utr,g
)
− kg−1
(
utr,g − utr,g−1
)
− f tNL,g + rte,g = mg ütr,g , (3.151)
whereutr,g is the displacement of the nodeg, which is equal, according to the rigid matrix assump-
tion, to the shear slip of the interface at the same location.Moreover,f tNL,g is the force in the
discrete NL-Link element which is located at the nodeg and is obtained using the relation:
f tNL,g =
∫ x
g+12
x
g−12
ā τ(xg, t) dx , (3.152)
whereτ(xg, t) is the shear stress in the matrix-fiber interface at the locati n xg, andā is the cir-
cumference of the fiber cross section. The lumped mass at nodeg is provided by:
mg =
∫ x
g+12
x
g− 12
ρr Ar dx . (3.153)
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whereAr is the fiber cross section area, andρr is the density of the fiber material. Nevertheless, an
external nodal forcerte,g is added in order to get a more convenient formulation, wherethis force
is zero for the unrestrained node. Now the equation of motionof the DISCRETEMODEL in matrix
notation can be written thus:
MÜ
t
r = R
t −KUtr −CU̇tr − FtNL , (3.154)
MÜ
t
r = R
t − Fts − Ftc − FtNL , (3.155)
or, alternatively, as:
MÜ
t
r = R
t − Ft , (3.156)
with
F
t = Fts + F
t
c + F
t
NL . (3.157)
In the preceding relationsM is the lumped mass matrix,K is the corresponding stiffness matrix,
F
t
s is the nodal force vector from the fiber elements stresses:
F
t
s = KU
t
r , (3.158)
whereUtr is the nodal displacement vector and is defined byU
t
r =
[
utr,1 u
t
r,2 u
t
r,3 ... u
t
r,n
]T
.
Furthermore,FtNL is the nonlinear force vector regarding the discrete nonlinear elements (NL-
Links) which are located at the model nodes, where those elements are the discrete modeling of
the matrix-fiber interface. This force vector,FtNL, is provided by Eq. (3.152).R
t is the external
nodal force vector. Additionally,Ftc is an added global RAYLEIGH damping force vector:
F
t
c = CU̇
t
r , (3.159)
whereC is the RAYLEIGH damping matrix, anḋUtr is the velocity field vector.
The implicit time integration with full NEWTON-RAPHSON iteration scheme5 is used to solve the
nonlinear equation (3.156) [WILSON 2002, HUGHES2000, BATHE 1996].
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5 The DISCRETEMODEL supplied with the implicit time integration with full NEWTON-RAPHSON iteration scheme
has been carried out by the author within a written program code inFORTRAN.
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Numerical implementation of the nonlinear force vector andthe corresponding tangent stiff-
ness matrix with respect to the employed EDM model of interface:
With relation to Eq. (2.16) the tangent stiffness of the discrete NL-Link element of the indexg will
be implemented within the iteration solution procedure by:
kt+∆ttan,NL,g
(i)
=



(
1− dt+∆tg
(i)
)
K0e , for |ut+∆tr,g(i) | ≤ r
t+∆t
g
(i−1)
;
sm
sm−sf
K0e , for |ut+∆tr,g(i) | > rt+∆tg(i−1) ,
(3.160)
i is the index of the iteration procedure, andg = 1, 2, 3, 4, ...n, rt+∆tg
(i−1)
is the damage threshold
regarding the NL-Link element at the nodeg, andK0e is provided by:
K0e = ā lsK
0 , (3.161)
wherels is the grid spacing of the used structured grid of the DISCRETE MODEL, while all other
variables and parameters within the previous relations aredefined thoroughly in Section 2.2.
Furthermore, the corresponding nonlinear force in the NL-Link element of the indexg is calculated
by:
f t+∆tNL,g(i) =
(
1− dt+∆tg(i)
)
K0e u
t+∆t
r,g(i)
. (3.162)
Fig. 3.34 shows the characteristic behavior of a material point of the interface under a prescribed
linear shear slip function with a constant velocity, while Fig. 3.35 illustrates the characteristic
behavior of this material point of the interface under a prescribed harmonic shear slip function
with a definite amplitude and an excitation frequency. Theseillustrated results are obtained by
testing a single NL-Link element which is provided by a constitutive material model according to
the employed EDM of the interface.
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Fig. 3.35: Shear stress-shear slip relation under a prescribed harmonic shear slip function of an
amplitudeCn = 0.06125 mm and a frequencyλ = 128.30 s−1 regarding an employed
EDM of the interface
Application 1
A practical application of the EDM is presented here for the pullout problem of a glass fiber
from a rigid matrix under a linearly increasing pullout displacements function. The matrix-fiber
interface is modeled by means of a NL-Link elements layer with a predefined EDM model as a
constitutive material law. A linear damage evolution law isused and the characteristic parameters
of the implemented EDM model of the interface are:K0 = 652 (N/mm2)/mm, sm = 0.005mm,
sf = 0.0941 mm, τm = 3.26 N/mm2. These selected properties correspond to a dynamical
increasing factor (the ratio of the dynamic to the static bond strength) of a value ofDIF = 2.0,
where the static bond strength has been provided by RICHTER [RICHTER 2005] based on the static
pullout test. The fiber length isl = 5 mm with a cross section areaAr = 3.14 × 10−4 mm2 and
a circumference of̄a = 6.28 × 10−2 mm. The fiber material is linearly elastic with YOUNG’s
modulusEr = 72000 N/mm2. The time history function of the applied excitation at the fiber tip
of this application is given by Fig. 3.34(a) which corresponds to a pullout velocity ofv0 = 5mm/s.
Fig. 3.36 illustrates the distributions of shear slip, shear stress and the fiber normal forces along
the fiber length under the applied pullout velocity, while Fig. 3.37 shows the pullout force-pullout
displacement relation.
Application 2
In this application a fiber of lengthl = 5 mm and with the same material and geometry that were
used in the first application (Application 1) is subjected here to a harmonic pullout displacement
of an amplitudeCn = 0.06125 mm and an excitation frequency ofλ = 1.0 × 105 s−1. For
the matrix-fiber interface the EDM model is selected with thesame properties employed in the
preceding application (Application 1).
Fig. 3.38 shows the pullout force-pullout displacement relation. A comparison with the analytical
solution of the steady-state response, derived and discussed in Subsection 3.4.1, is also provided,
where a good match between the obtained results of the applied analysis approaches is recognized.
Indeed, two successive parts of the obtained solution are recognized, the first part is at the begin-
ning of loading, and corresponds to the first increase of the pullout force with an increase in the
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Fig. 3.36: Shear slip, shear stress, and the fiber normal forces distributions along the fiber length
(l = 5 mm) at three selected time stepst1 = 0.002 s, t2 = 0.005 s, andt3 = 0.01 s
of the loading history under pullout velocityv0 = 5 mm/s and regarding an employed
EDM of the interface
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regarding an employed EDM of the interface
pullout displacement until the amplitudeCn is first reached at the fiber tip. Furthermore, in this
first part a damage zone (DZ) develops along the interface. Hereaft r, the second part of the re-
sponse starts, i.e. the steady-state pullout response under the harmonic pullout excitation function
at the fiber tip.
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Fig. 3.38: Pullout force-pullout displacement relation under prescribed harmonic pullout displace-
ments,Cn = 0.06125mm andλ = 1.0× 105 s−1, and regarding an employed EDM of
the interface
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3.5 Analysis of the dynamical pullout behavior of a single fiber from a rigid matrix regard-
ing the VEM and the VEDM models of the matrix-fiber interface
3.5.1 Introduction
The analysis of the dynamical pullout problem is conducted by considering shear slip rate-
dependent material models of the matrix-fiber interface. For this purpose the VEM, VEDM-I and
VEDM-II models, that were presented in Chapter 2, are regarded here correspondingly. This con-
sideration will be applied to account for the shear slip rate-dependent behavior of the interface as
an inherent property, and therefore, to characterize the phenomenological behavior of the increase
of the pullout responses by the increasing values of the sliprate in a reasonable manner. This
phenomenological behavior has been observed and claimed bythe dynamic pullout experiments
in various relevant publications (see Section 1.2).
3.5.2 Formulation of the corresponding governing differential equation of motion
With reference to Section 3.3 we recall the differential equation (3.28) but in considering the shear
stress as a function of the shear slip and shear slip rate of thinterface, the corresponding governing
equation of motion is then defined by:
∂2
∂x2
s(x, t) =
1
c2r
∂2
∂t2
s(x, t) +
1
ErAr
ā τ
(
s(x, t), ṡ(x, t)
)
, (3.163)
where the selected interface material model will be enclosed conveniently in the term
τ
(
s(x, t), ṡ(x, t)
)
in the previous equation. For this problem under consideration, we regard a
fiber of a lengthl, a cross section areaAr and a corresponding circumference of the cross section
ā, whereas the assumption of a rigid matrix has been retained.
3.5.3 Solution under a prescribed harmonic pullout displacements regarding a VEM model
of the matrix-fiber interface
The dynamical behavior of the fiber pullout mechanism under aprescribed harmonic pullout dis-
placement is analyzed in the framework of a proposed analytic approach and regarding an em-
ployed viscoelastic material model of the matrix-fiber interface. For this investigated problem, a
KELVIN model is selected here as a constitutive material model of the interface, and therefore,
the corresponding constitutive relations of this model defined by Eqs. (2.20) and (2.21) are used
appropriately for the termτ
(
s(x, t), ṡ(x, t)
)
in the previous equation of motion. We refer here that
GRAFF [GRAFF 1991] presented a brief analysis of the harmonic wave propagation in a string on
a viscous subgrade. Nevertheless, in this study, the analysis is developed under the considering of
a viscoelastic interface represented by KELVIN model.
If we denote the sought responses under the harmonic excitation t the fiber tip by the term̂2,
Eq. (3.163) can then be written in the following form:
∂2
∂x2
ŝ(x, t)− 1
c2r
∂2
∂t2
ŝ(x, t)− ke1
Er
ŝ(x, t)− βe1
Er
˙̂s(x, t) = 0 , (3.164)
where the following constants are defined:
ke1 =
K0 ā
Ar
and βe1 =
ā η̃
Ar
. (3.165)
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The used parameters of the KELVIN model of the interface are: the elastic stiffnessK0, and the
viscosity parameter̃η. In the current problem the applied harmonic excitation at the fiber tip, of an
amplitudeCn and a frequencyλ, is defined according to the relation̂v = Cn eiλt.
In order to find the sought solutions under the applied harmonic excitation we introduce the fol-
lowing ansatz:
ŝ(x, t) = y(x) eiλt . (3.166)
The substitution of the proposed ansatz in Eq. (3.164) gives:
∂2 y(x)
∂x2
eiλt − ke1
Er
y(x) eiλt +
1
c2r
λ2 y(x) eiλt − βe1
Er
(
iλ
)
y(x) eiλt = 0 , (3.167)
and therefore,
∂2y(x)
∂x2
−
(
ke1
Er
− 1
c2r
λ2 +
βe1 λ
Er
i
)
y(x) = 0 , (3.168)
where the complex expression in the brackets in the previouseq ation is defined as:
ω̄2c =
ke1
Er
− 1
c2r
λ2 +
βe1 λ
Er
i . (3.169)
Furthermore, with respect to the derived relation Eq. (3.37) ω̄2c can be rewritten as:
ω̄2c = ω̄
2 + α i , (3.170)
whereω̄2 is provided by Eq. (3.37), and the constantα is:
α =
βe1 λ
Er
. (3.171)
Now, Eq. (3.168) can be rewritten as:
∂2y(x)
∂x2
− ω̄2c y(x) = 0 . (3.172)
Nevertheless, it can be realized that unlike the earlier relation Eq. (3.37), where the shear slip
rate was not considered, no definite value of a cutoff frequency of the vibrated system can be
introduced.
The sought solution of Eq. (3.164) is formulated now as:
ŝ(x, t) =
(
C1 e
ω̄cx + C2 e
−ω̄cx
)
eiλt , (3.173)
where the complex quantitȳωc is calculated from the previous relation Eq. (3.170) and is given by:
ω̄c = ± (qre + qim i) , (3.174)
where:
qre = ℜ(ω̄c) =
1√
2
[
ω̄2 +
(
ω̄4 + α2
)0.5]0.5
, (3.175)
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qim = ℑ(ω̄c) =
1√
2
[
−ω̄2 +
(
ω̄4 + α2
)0.5]0.5
. (3.176)
Thus, by using the previous relations the corresponding solution given by Eq. (3.173) can be ex-
pressed in a more convenient formulation:
ŝ(x, t) =
(
C1 e
(qre+qim i)x + C2 e
−(qre+qim i)x
)
eiλt , (3.177a)
= e+qrex C1 e
i(qimx+λt) + e−qrex C2 e
−i(qimx−λt) . (3.177b)
Now, for the determination of the integration constants,C1 andC2, in Eq. (3.177) the following
boundary conditions are introduced:
∂ŝ(0, t)
∂x
= 0 , (3.178)
ŝ(l, t) = Cn e
iλt . (3.179)
If the previous condition Eq. (3.179) is substituted in Eq. (3.173) the following relation between
the constants is obtained:
Cn = C1 e
ω̄cl + C2 e
−ω̄cl . (3.180)
Indeed, at this point of the solution procedure the relevantfu ctions of the shear stresses and fiber
normal forces distributions have to be formulated. The relation of the shear stress distribution can
be defined with regard to Eq. (2.20) by:
τ̂ (x, t) = K0
(
C1 e
ω̄cx + C2 e
−ω̄cx
)
eiλt + η̃ (i λ)
(
C1 e
ω̄cx + C2 e
−ω̄cx
)
eiλt , (3.181)
whereas with respect to the proposed rigid matrix assumption, the normal forces in the fiber can
be calculated according to Eq. (3.29) and by using the derived sh ar slip (Eq. (3.173)) as:
N̂r(x, t) = ErAr ω̄c
(
C1 e
ω̄cx − C2 e−ω̄cx
)
eiλt . (3.182)
The boundary condition Eq. (3.178) implieŝNr(0, t) = 0, and consequently, by substituting in
Eq. (3.182) the following is obtained:
C1 − C2 = 0 =⇒ C1 = C2 = C , (3.183)
and now, the constantsC1 andC2 can be determined by using the previous relation along with
Eq. (3.180), thus:
C1 = C2 = C =
Cn
eω̄cl + e−ω̄cl
=
Cn
2 cosh (ω̄cl)
. (3.184)
Hence, based on the preceding calculated constants the pullout responses can be written as:
ŝ(x, t) =
cosh(ω̄cx)
cosh(ω̄cl)
Cn e
iλt , (3.185)
τ̂ (x, t) =
(
K0 + i η̃ λ
) cosh(ω̄cx)
cosh(ω̄cl)
Cn e
iλt , (3.186)
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N̂r(x, t) = ErAr ω̄c
sinh(ω̄cx)
cosh(ω̄cl)
Cn e
iλt . (3.187)
Furthermore, the previous responses can be formulated in a more applicable manner with the aid
of the following representation of the integration constant C:
C = Cre + i Cim , (3.188)
where:
Cre =
Cn cosh(qrel) cos(qiml)
cosh(2qrel) + cos(2qiml)
, (3.189a)
Cim = −
Cn sinh(qrel) sin(qiml)
cosh(2qrel) + cos(2qiml)
. (3.189b)
With respect to Eq. (3.183), Eqs. (3.188) and (3.189) are substit ted in Eq. (3.177b), and further
relevant analytical manipulations are performed. Consequently, the shear slip distribution of the
interface can be written as:
ŝ(x, t) = eqrex |C| ei(qimx+λt+δ) + e−qrex |C| e−i(qimx−λt−δ) , (3.190)
where:
|C| =
√
C2re + C
2
im and tan δ =
Cim
Cre
. (3.191)
The shear stress distribution in the interface can be also rewritt n, with regard to Eq. (3.181), as:
τ̂ (x, t) =
(
K0 + i η̃ λ
)
ŝ(x, t) = Zc ŝ(x, t) , (3.192)
where the following term is introduced:
Zc = K
0 + i η̃ λ (3.193)
as “the characteristic complex stiffness of the interface” regarding the employed KELVIN model.
Now, using Eqs. (3.193) and (3.192) along with Eq. (3.190), the following formulation of the shear
stress distribution of the interface can be formulated as:
τ̂ (x, t) = eqrex |C| |Zc| ei(qimx+λt+δ+δ1) + e−qrex |C| |Zc| e−i(qimx−λt−δ−δ1) , (3.194)
where:
|Zc| =
√
(K0)2 + (η̃ λ)2 and tan δ1 =
η̃ λ
K0
. (3.195)
Furthermore, a similar procedure can be also applied to rewrite the fiber normal force as:
N̂r(x, t) = ErAr e
qrex |Λ| ei(qimx+λt+δ2) − ErAr e−qrex |Λ| e−i(qimx−λt−δ2) , (3.196)
where:
Λ = ω̄cC = (qreCre − qim Cim) + i (qim Cre + qre Cim) = Λre + iΛim , (3.197a)
|Λ| =
√
Λ2re + Λ
2
im and tan δ2 =
Λim
Λre
. (3.197b)
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Indeed, additional relevant mathematical manipulations can be performed on Eqs. (3.185) and
(3.187) conveniently, and the following relation between the fiber normal force and the corre-
sponding shear slip of the interface can be established:
N̂r(x, t) = ErAr ω̄c tanh(ω̄cx) ŝ(x, t) = Kc(x) ŝ(x, t) . (3.198)
The term,Kc(x), is defined as “the distributed complex stiffness” of the pullout system regarding
the employed KELVIN model:
Kc(x) = ErAr ω̄c tanh(ω̄cx) . (3.199)
Additionally, the corresponding time history response of the pullout force can be evaluated from:
P̂ (t) = ErAr e
+qrel |Λ| ei(qiml+λt+δ2) −ErAr e−qrel |Λ| e−i(qiml−λt−δ2) , (3.200)
while the pullout force-pullout displacement relation is provided by:
P̂ (v̂) = ErAr ω̄c tanh(ω̄cl) v̂ . (3.201)
In what follows, the derived closed analytical solutions will be illustrated through an example.
Practical example
In this example the investigated fiber is of lengthl = 5 mm, the fiber material properties and the
geometry of the cross section are given as follows: the YOUNG’s modulusEr = 72000 N/mm2,
the densityρr = 2.7× 10−9 tonne/mm3, the cross section areaAr = 3.14 × 10−4 mm2, and the
circumference of the fiber cross sectionā = 6.28× 10−2 mm.
Moreover, the properties of the matrix-fiber interface regading the employed KELVIN mate-
rial model are: the elastic stiffnessK0 = 652 (N/mm2)/mm and the viscosity parameter
η̃ = 0.0015 (N/mm2) s/mm. The amplitude of the prescribed harmonic pullout displace-
ments at the fiber tip and the corresponding excitation frequency areCn = 1.0 × 10−3 mm and
λ = 1.0 × 105 s−1, respectively. It should be noted that the following obtained results of this
example are the real parts of the obtained solutions.
Fig. 3.39 illustrates the time history of the steady-state response of the shear slip distribution in
the interface during a time interval equal of3T , whereT = 2π/λ = 6.283 × 10−5s. It can be
clearly realized from the presented solution, Eq. (3.190),and the illustrated response in Fig. 3.39
that the wave propagation is the characteristic behavior ofthe dynamical pullout problem under a
harmonic pullout displacement when the interface is regarded by means of a viscoelastic material
model.
3.5 Analysis of the dynamical pullout behavior of a single fiber from a rigid matrix regarding the
VEM and the VEDM models of the matrix-fiber interface 77
"reS_All.DAT" every 7:2 nonuniform matrix using 1:2:3
  0.5
       0
 -0.5
 0
 1
 2
 3
 4
 5  0
-1.0
-0.5
 0
 0.5
 1.0
Location x in mm
Time t in T0.5
1.0
1.5
2.0
3.0
2.5
-1.0
-0.5
 0
 0.5
 1.0
s(x,t) in 10-3 mm
^
s(x,t) in 10-3 mm
Shear slip
^
s(x,t) in 10-3 mm:
Additional contour lines of
^
Fig. 3.39: Time history of the steady-state response of the shear slip distribution in the interface
during a time interval equal to three periods of excitation (T = 6.283 × 10−5 s) in the
case of using the KELVIN model as interface material model
The corresponding time histories of the shear stress distribution in the interface and the fiber normal
force distribution along the fiber length are also presentedin Figs. 3.40 and 3.41, respectively. We
should mention here that for the 3D illustration Figs. 3.39,.40 and 3.41 of the plotted functions
ŝ(x, t), τ̂ (x, t) andN̂r(x, t), two contours are used, the first is the default color-mapped3D contour,
or in other words, a colored density distribution of the plotted functions. The second contour is
selected colored contour lines which are projected on the bottom plane for clarity. These colored
contour lines, which represent the points of the equal values of the printed function, are helpful for
illustrating the wave propagation in the current analyzed problem.
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Fig. 3.40: Time history of the steady-state response of the shear stress distribution in the interface
during a time interval equal to three periods of excitation (T = 6.283 × 10−5 s) in the
case of using the KELVIN model as interface material model
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Fig. 3.41: Time history of the steady-state response of the fiber normal force distribution during
a time interval equal to three periods of excitation (T = 6.283 × 10−5 s) in the case of
using the KELVIN model as interface material model
Additionally, a corresponding comparison FE model of the pullout problem with a viscoelastic
matrix-fiber interface was carried out in AB QUS. In this simulation the fiber is modeled by using
3D continuum elements of the type C3D8R with an isotropic linearly elastic material model. The
elastic behavior of the matrix-fiber interface is modeled bymeans of a layer of cohesive elements of
the type COH3D8, whereas the viscous behavior of the interfac is identified by using connector
elements with a predefined damping behavior. Fig. 3.42 showsthe hear slip distribution in the
interface at two selected time stepst1 = 0.75T , andt2 = 0.85T (with reference to Fig. 3.39)
according to the achieved analytical solution Eq. (3.190) and the numerical solution obtained from
the FE modeling. A good correspondence between the both obtained solutions can clearly be
realized.
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Fig. 3.42: Shear slip distribution in the interface at two selected time steps,t1 = 0.75T andt2 =
0.85T (T = 6.283× 10−5 s)
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In the same manner the fiber normal forces along the fiber length are plotted in Fig. 3.43 at the
same selected time stepst1 andt2.
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Fig. 3.43: The fiber normal forces along the fiber length at twoselected time steps,t1 = 0.75T and
t2 = 0.85T (T = 6.283× 10−5 s)
Furthermore, the hysteresis loops of the shear stress-shear lip relation regarding the obtained
solution Eq. (3.192) are shown on Fig. 3.44 at two different locations along the fiber length,x1 =
2.21 mm andx2 = l = 5 mm. The amplitude of “the characteristic complex stiffness of the
interface” in this example is|Zc| = 1635.574 (N/mm2)/mm.
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Fig. 3.44: Hysteresis loops of the shear stress-shear slip relation at two locations along the fiber
length,x1 = 2.21mm andx2 = l = 5mm
Moreover, the steady-state pullout force-pullout displacement relation provided by Eq. (3.201)
is shown in Fig. 3.45, where the corresponding amplitude of “the distributed complex stiffness”
function at the location of the fiber tip is equal to|Kc(x = l)| = 48.19 N/mm.
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Fig. 3.45: Pullout force-pullout displacement relation
3.5.4 Solution under prescribed linearly increasing pullout displacements regarding a VEM
model of the matrix-fiber interface
The pullout responses under linearly increasing pullout displacements is evaluated using an em-
ployed VEM model of the matrix-fiber interface, where the shear slip rate-dependent effects of
the interface will be incorporated within the pullout responses according to this employed material
model. For this investigated problem, the Eqs. (2.17), (2.18), and (2.19) will be recalled and used
within the corresponding equation of motion Eq. (3.163). Furthermore, the DISCRETE MODEL of
the pullout problem is used here accordingly for the evaluation of the sought solutions.
Solution by means of the DISCRETE M ODEL of the pullout problem
To find the sought solutions under the prescribed linearly increasing pullout displacements func-
tion, the DISCRETEMODEL of the pullout problem which has been formulated in Subsection 3.4.2
will be recalled and used here accordingly. In this model thematrix-fiber interface is regarded as
a layer of discrete nonlinear elements (NL-Links) with predefined constitutive relations regarding
the employed VEM model. Moreover, the implicit time integration with full NEWTON-RAPHSON
iteration procedure will be applied to solve the corresponding equation of motion of the pullout
problem (Eq. (3.156)). In the following part, and with respect to the selected VEM model of
the interface, we will introduce particular numerical manipulations regarding the formulations of
the nonlinear force vector and the corresponding tangent stiffness matrix of the NL-Links, which
can be implemented appropriately within the iterative soluti n scheme of the DISCRETE MODEL.
Thereafter, a selected application will be presented and discussed.
Numerical implementation of the force vector and the corresponding tangent stiffness matrix
of the NL-Links elements with respect to the employed VEM model:
For the calculation of the nonlinear force vector in the NL-Links within the iteration procedure, we
start with the following equation which is derived from the basic constitutive relation Eq. (2.18):
F
t+∆t
NL(i)
+ λ1 Ḟ
t+∆t
NL(i)
= Ω1eU
t+∆t
r(i)
+ Ω2e U̇
t+∆t
r(i)
, (3.202)
whereFt+∆tNL(i) andḞ
t+∆t
NL(i)
are, respectively, the nonlinear force vector and its time derivative,Ut+∆tr(i)
andU̇t+∆tr(i) are, respectively, the displacement and velocity field vectors, andi is the iteration index.
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The termsΩ1e andΩ2e are:
Ω1e = ā ls Ω1 and Ω2e = ā ls Ω2 , (3.203)
wherels is the grid spacing of the used structured grid of the DISCRETE MODEL, and ā is the
circumference of the fiber cross section. The material parameters within the previous and the
following equations are those of the employed VEM model and are provided comprehensively in
Section 2.3.
On the basis of the trapezoidal rule of the time integration we can write the following relation:
F
t+∆t
NL(i)
= FtNL +
1
2
∆t
(
Ḟ
t
NL + Ḟ
t+∆t
NL(i)
)
. (3.204)
Thus, by substituting the derivative of the nonlinear forcevector from the preceding relation in
Eq. (3.202) and by doing the relevant mathematical manipulations, we can formulate the nonlinear
force vector and the corresponding time derivative according to the following relations:
F
t+∆t
NL(i)
=
(
1
1 + 2λ1
∆t
)(
Ω1eU
t+∆t
r(i)
+ Ω2e U̇
t+∆t
r(i)
+ λ1
(
2
∆t
F
t
NL + Ḟ
t
NL
))
, (3.205)
and
Ḟ
t+∆t
NL(i)
=
2
∆t
(
F
t+∆t
NL(i)
− FtNL
)
− ḞtNL . (3.206)
Furthermore, with regard to the constitutive relation Eq. (2.22) the tangent stiffness regarding the
NL-Link element of the indexg is defined with respect to the employed VEM model by:
kt+∆ttan,NL,g
(i)
= κ̄e
(
1− κ̄
η̃
ut+∆tr,g(i)
u̇t+∆tr,g(i)
+
1
λ1
ut+∆tr,ve,g(i)
u̇t+∆tr,g(i)
)
g = 1, 2, 3, 4, .... (3.207)
where the viscoelastic shear slip component is obtained by:
ut+∆tr,ve,g(i) = −
1
κ̄e
f t+∆tNL,g(i) + u
t+∆t
r,g(i)
, (3.208)
andκ̄e is:
κ̄e = ā ls κ̄ . (3.209)
Thereupon, the derived relations from Eq. (3.205) to Eq. (3.208) can be used now within the
iterative solution scheme of the corresponding equation ofmotion Eq. (3.163). It should be pointed
out, that the previous relations have been designated to be used within an iterative solution scheme.
Nevertheless, the obtained relations Eqs. (3.205) and (3.206) can be also used appropriately within
a linear solution scheme without the iteration index.
Fig. 3.46 shows the resultant shear stress-shear slip relation under a prescribed linear shear slip
function of a constant velocity ofv0 = 5mm/s. Furthermore, Fig. 3.47 provides the shear stress-
shear slip relation under a prescribed harmonic shear slip function with a definite amplitudeCn and
frequencyλ. The provided results on these illustrated figures are deduced from a test of a single
NL-Link element which is provided by a VEM model as a constitutive material model. Moreover,
a comparison with the corresponding analytical solutions are also provided for the purpose of
verification.
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Fig. 3.47: Shear stress-shear slip relation under a prescribed harmonic shear slip function of an
amplitudeCn = 0.06125mm and a frequencyλ = 128.30 s−1, in addition to the shear
slip components in the case of using VEM model of the interfac
Application
A selected application of the pullout problem with an employed VEM model of the interface will
now be presented and discussed. For this application, the invest gated fiber is of lengthl = 5mm,
a cross section areaAr = 3.14 × 10−4mm2 and a circumference of̄a = 6.28 × 10−2mm. The
properties of the fiber material are: the Young’s modulusEr = 72000 N/mm2 and the density
ρr = 2.7 × 10−9 tonne/mm3 (glass fiber), whereas for the VEM model of the interface, the
following parameters are selected:κ̄ = 652 (N/mm2)/mm, K0 = 32.6 (N/mm2)/mm, and
η̃ = 15× 10−3 (N/mm2) s/mm.
Fig. 3.48 shows the time history response of the shear slip distribution of the interface under a
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prescribed pullout velocity ofv0 = 10mm/s, while Fig. 3.49 illustrates the shear slip distribution
function along the interface at successive time steps1 = 5 × 10−4 s, t2 = 2 × 10−3 s, t3 =
3.88× 10−3 s, andt4 = 1× 10−2 s regarding the time history of the applied excitation at the fib r
tip.
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Furthermore, Fig. 3.50 provides the pullout force-pulloutdisplacement relation according to two
different values of the pullout velocitiesv01 = 10 mm/s andv02 = 15 mm/s. It can be seen
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that regarding the employed VEM model of the matrix-fiber interface, the increasing values of the
pullout velocity correspond to an increase in the resultantpullout forces.
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Up until this point, some results regarding the pullout problem with an employed VEM model have
been presented and discussed briefly. Nevertheless, the following points can be summarized:
• The VEM model has been presented as a shear slip rate-dependent material model which
allows for the consideration of the slip rate effects of the int rface. But we have to keep in
mind that the VEM model works only for the undamaged state of the interface.
• With relation to the preceding point, the advantage of this material model regarding the abil-
ity to consider the slip rate effects can be utilized appropriately within a developed damage
material models, as we will see in the next subsection. There, the shear slip rate-dependent
effects of the interface will be accounted for by imposing a viscous or viscoelastic stress
component within the constitutive relations of the selected damage material model of the
matrix-fiber interface. This approach will be used to model th phenomenological behav-
ior of the increasing values of the pullout responses by the increasing values of the applied
pullout velocity.
3.5.5 Solution under linearly increasing pullout displacements regarding a viscoelastic
damage material model VEDM-I of the matrix-fiber interface
The dynamical behavior of the pullout problem under a linearly increasing pullout displacement
function is analyzed under the consideration of the damage behavior in addition to the shear slip
rate effect of the matrix-fiber interface. This analysis is accomplished by using a viscoelastic dam-
age material model VEDM-I for the matrix-fiber interface (Section 2.5). The employed material
model enables a characteristic representation of the shearlip rate-dependent effects of the inter-
face, and therefore, a reasonable consideration of the incrasing values of the pullout responses
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by the increasing values of the slip rate, which has often been claimed by dynamical pullout ex-
periments (see Subsection 1.2.2). Nonetheless, this characterization of the increase of the pullout
responses under the increasing values of the slip rate workshere by the VEDM-I model in a dif-
ferent manner compared to the methodology of the previous employed EDM model (discussed in
Subsection 3.4.2), where a proper value of a dynamic increasing factor on the static bond strength
was used with respect to the applied pullout velocity.
Indeed, in this analysis we recall the corresponding equation of motion of the pullout prob-
lem Eq. (3.163), and with respect to the selected material model of the interface, the
termτ
(
s(x, t), ṡ(x, t)
)
is replaced now by the constitutive equation Eq. (2.23) conveniently. There-
fore, this approach turns Eq. (3.163) into a nonlinear differential equation. Nevertheless, the DIS-
CRETE MODEL of the pullout problem which has been formulated in Subsection 3.4.2 will be
recalled and used here appropriately to find the sought aftersolutions, as will be discussed in the
following Subsection.
Solution by means of the DISCRETE M ODEL of the pullout problem
As mentioned above, a DISCRETE MODEL of the pullout problem provided with a proper nonlin-
ear solver of an iterative numerical time integration procedur are selected appropriately to find
out the sought after solutions of the nonlinear differential equation of motion Eq. (3.163) of this
problem. Regarding this solution’s approach, the same manipulat on techniques discussed and ex-
plained comprehensively in the previous Subsection 3.4.2 will be recalled and applied here, but
of course, considering the term of the shear stress as a function of the shear slip and the shear
slip rate,τ
(
s(x, t), ṡ(x, t)
)
. Consequently, equations (3.150) to (3.155) are applied here and the
differential equation of motion of the corresponding DISCRETE MODEL of the pullout problem is
defined eventually by Eq. (3.156). In the DISCRETEMODEL the matrix-fiber interface is regarded
by means of discrete nonlinear elements (NL-Links) layer, while keeping in mind that the appropri-
ate constitutive relations of the nonlinear force vectorFtNL and the corresponding tangent stiffness
matrix have to be formulated in correspondence to the employed VEDM-I model of the interface.
Moreover, the nonlinear differential equation Eq. (3.156)is solved by means of the implicit time
integration with full NEWTON-RAPHSON iteration scheme.
Numerical implementation of the nonlinear force vector andthe corresponding tangent stiff-
ness matrix with respect to the employed VEDM-I model:
The tangent stiffness represented by Eq. (2.27) can be implemented accordingly within the iterative
implicit time integration procedure of the DISCRETE MODEL. On the other hand, a powerful
alternative approach can be also applied by realizing and cosidering the characteristic form of
Eq. (2.24) where the viscous stress is superimposed over theelastic damage stress. This means
that the nonlinear force vector can be written in the additive formulation:
F
t+∆t
NL = F
t+∆t
NL,d + F
t+∆t
NL,v , (3.210)
whereFt+∆tNL,d is the elastic damage component of the nonlinear force vector regarding the NL-Links
elements, andFt+∆tNL,v is the viscous component of the nonlinear force vector. Fromthe preceding
consideration we can formulate the characteristic equation which is used for calculating the incre-
mental displacement vector∆Ur(i) at every iterationi within the used iterative solution scheme
in a more convenient manner, where the truncated TAYLOR SERIES expansions will be applied
only to the elastic damage part of the nonlinear force vector, whereas the viscous part is calculated
at each iterationi explicitly and with respect to the corresponding values of the kinematics at the
same iteration.
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In light of this proposed modification procedure, and for theselected material model (VEDM-I),
the following relation will be employed appropriately within the iterative solution procedure to
calculate the incremental displacement vector∆Ur(i) at every iterationi:
K
t+∆t
tan,s(i−1)
∆Ur(i) +K
t+∆t
tan,NL(i−1)
∆Ur(i) = R
t+∆t −MÜt+∆tr(i) − F
t+∆t
s(i−1)
− Ft+∆tc(i) − F
t+∆t
NL,d(i−1)
− Ft+∆tNL,v(i) , (3.211)
where
F
t+∆t
NL,v(i)
= η̃e U̇
t+∆t
r(i)
. (3.212)
In the preceding equationṡUt+∆tr(i) is the velocity field vector, and̃ηe is:
η̃e = η̃ ā ls , (3.213)
whereη̃ is the viscosity parameter of the matrix-fiber interface rega ding the employed VEDM-I
model, andls is the grid spacing of the used structured grid of the DISCRETE MODEL. The term
K
t+∆t
tan,s(i−1)
is the current tangent stiffness matrix regarding the elements stresses excluding the NL-
Links elements:
K
t+∆t
tan,s(i−1)
=
∂Fs
∂U
|
U
t+∆t
r(i−1)
= K , (3.214)
where the second equality in Eq. (3.214) is based on Eq. (3.158). The termK
t+∆t
tan,NL(i−1)
is the
tangent stiffness matrix regarding the elastic damage partof the NL-Links elements and is calcu-
lated, therefore, from Eq. (3.160). The force vectorFt+∆tNL,d(i−1) is determined appropriately from
Eq. (3.162), whereas the RAYLEIGH damping force vectorFt+∆tc(i) is given by:
F
t+∆t
c(i)
= CU̇
t+∆t
r(i)
. (3.215)
The other terms in Eq. (3.211) were defined previously in Subsection 3.4.2. Thus, the displacement
field vector of the DISCRETE MODEL assembly at the iterationi is calculated as:
U
t+∆t
r(i)
= Ut+∆tr(i−1) +∆Ur(i) . (3.216)
Figs. 3.51 and 3.52 illustrate the characteristic behaviorof a material point of the interface under
two characteristic types of prescribed shear slip functions, li ear and harmonic functions. These
results are obtained by testing a single NL-Link element with a constitutive material model defined
by the VEDM-I model.
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Fig. 3.52: Shear stress-shear slip relation under a prescribed harmonic shear slip function of an
amplitudeCn = 0.06125 mm and a frequencyλ = 128.30 s−1 in the case of using
VEDM-I model of the interface
Application 1
A practical application of the VEDM-I model is presented here for the pullout problem of a glass
fiber from a rigid matrix under a linearly increasing pulloutdisplacements function at the fiber tip.
The parameters of the fiber material are: YOUNG’s modulusEr = 72000 N/mm2, densityρr =
2.7×10−9 tonne/mm3, the fiber cross section areaAr = 3.14×10−4 mm2 and the circumference
is ā = 6.28 × 10−2 mm. Furthermore, the properties of the matrix-fiber interfaceregarding
the employed VEDM-I model are chosen as the following, for the elastic damage part with a
linear damage evolution function: the undamaged elastic stiffnessK0 = 326 (N/mm2)/mm,
sm = 0.005 mm, sf = 0.1148 mm, while for the viscous part, the chosen value of the viscosity
parameter̃η = 4.0 × 10−1 (N/mm2) s/mm. The results of this application correspond to an
excitation of a prescribed linear pullout displacements function at the fiber tip with a velocity
v0 = 5mm/s.
Figure 3.53 shows the time history response of the shear slipdistribution in the interface for a
pulled fiber of a lengthl = 5mm.
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For further illustrations, the shear slip distribution function is plotted in Fig. 3.54 at three successive
time stepst1 = 0.002 s, t2 = 0.005 s andt3 = 0.01 s. Moreover, the shear stress distribution in the
0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.00 1.0 2.0 3.0 4.0 5.0
S
h
ea
r 
sl
ip
 s
(x
,t
) 
in
 m
m
Location x in mm
t
1
t
2
t
3
Fig. 3.54: Shear slip distribution in the interface at time st p t1 = 0.002 s, t2 = 0.005 s and
t3 = 0.01 s with reference to Fig. 3.53
interface is illustrated in Fig. 3.55 at the selected time step 1, t2, andt3. It should be pointed out,
that although the applied excitation at the fiber tip corresponds to a constant velocity, the velocity
field in the fiber, and therefore, the shear slip rate in the intrface is not constant, and consequently,
the field of the viscous shear stress component in the interface is not constant along the fiber length.
Furthermore, the distribution of the viscous shear stress component in addition to the distribution
of the elastic damage shear stress component in the interface are plotted at the selected time steps
t1, t2, andt3 on the same Fig. 3.55 accordingly.
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In the same manner, the time history response of the fiber normal force along the fiber length is
shown in Fig. 3.56, and with respect to this three dimensional illustration regarding the location
and time axes, the corresponding curves at the selected times epst1 = 0.002 s, t2 = 0.005 s and
t3 = 0.01 s are given in Fig. 3.57 accordingly.
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Fig. 3.57: Fiber normal force distribution at time stepst1 = 0.002 s, t2 = 0.005 s andt3 = 0.01 s
with reference to Fig. 3.56
Furthermore, the corresponding pullout force-pullout displacement relation in this application is
illustrated in Fig. 3.58.
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Application 2
It should be realized that the viscous part within the constitutive relations of the employed VEDM-
I model activates a rate-dependent behavior of this model, which means that for a definite viscosity
parameter, different responses are obtained under different applied pullout velocities. On the other
hand, this rate-dependent behavior is not incorporated in the EDM model.
To realize this difference in the characteristic behavior of th se two proposed material models of
the interface (VEDM-I and EDM models) more clearly, a comparative example is conducted here
where the considered fiber length isl = 20 mm and the geometry of the fiber cross section in
addition to the fiber material properties are the same as in the first application (Application 1).
Two analyses of two different material models of the matrix-fiber interface are considered, the first
case regarding a VEDM-I model, whereas the second case considers a EDM model.
The used parameters of the employed VEDM-I model are: for theelastic damage part with a
linear damage evolution function, the undamaged elastic stiffnessK0 = 326 (N/mm2)/mm,
sm = 0.005 mm, sf = 0.1148 mm, and the employed value of the viscosity parameter isη̃ =
4.0× 10−1(N/mm2) s/mm. For the second case, the used parameters of the EDM model are: the
undamaged elastic stiffnessK0 = 978 (N/mm2)/mm, sm = 0.005 mm, andsf = 0.089 mm
which corresponds to a value of the dynamic increasing factor DIF = 3.0. For each case two
values of the pullout velocity are appliedv01 = 5mm/s andv02 = 10mm/s.
Fig. 3.59 demonstrates schematically the shear stress-shear lip relation in the case of using the
EDM model with aDIF that is applied on the bond strength and the undamaged elastic stiffness
of the static load case. The friction shear stress of the matrix-fiber interface is considered to be
independent from the load rates [GOKOZ & NAAMAN 1981, KIM et al. 2008].
Fig. 3.60(a) shows the pullout force-pullout displacementcurves of the first analyzed case where
the VEDM-I model is employed. It can be realized that for a definite value of the viscosity param-
eter, we obtain an increase in the pullout force under increasing velocity of the prescribed pullout
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Fig. 3.59: Shear stress-shear slip relation in the case of using the EDM model with aDIF
displacements function. On the other hand, in the second case where the EDM model is used, no
remarkable increase of the pullout forces is realized underthe two pullout velocities if the same
value ofDIF is used (see Fig. 3.60(b)). It should be mentioned that for the EDM model, the same
value ofsm (the peak value of the linearly elastic shear slip of the matrix-fiber interface) has been
used for the different applied pullout velocities. This is because no relevant values of this parame-
ter,sm, based on dynamical pullout tests are so far available. Consequently, this means that for the
EDM model the employedDIF will also be applied on the static elastic stiffness of the int rface.
Now we will discuss some main aspects of the two proposed material models of the interface,
VEDM-I and EDM models, regarding the modeling of the observed b havior of increasing the
pullout forces under increasing pullout velocities.
• The EDM model is connected to a definite value of the dynamic increasing factor (DIF )
which is applied on the static value of the bond strength, or in other words, on the value
which is deduced from the static pullout test. On the other hand, the VEDM-I model uses a
viscous term within the constitutive relations to provide an increasing in the pullout response
by increasing velocities. Nonetheless, for the EDM model with a definiteDIF , the resultant
pullout forces can be approached by using the VEDM-I model ifwe select the appropriate
value of the viscosity parameterη̃ in a reasonable fitting approach.
Fig. 3.61 illustrates the pullout force-pullout displacement relation under a pullout velocity
of v01 = 5 mm/s in the case of using an EDM model for the interface with the value
of DIF = 2.0. This results is approached by a VEDM-I model under the same pullout
velocity and with employing a viscosity parameterη̃ = 4.0× 10−1 (N/mm2) s/mm.
For a pullout velocity ofv02 = 10 mm/s, a pullout force-pullout displacement curve
is approached by the EDM model with a value ofDIF = 3.0, whereas by employing
the VEDM-I model we approach this curve with a viscosity parameter of η̃ = 3.7 ×
10−1 (N/mm2) s/mm.
• It should be pointed out that although an adjustment processof the material parameters of
the two employed material models of the interface, the EDM and the VEDM-I models, has
been carried out to obtain approximately the same pullout curves for the applied pullout
velocities (Fig. 3.61), the shear stress distributions in the interface differ between the two
selected material models. For further illustrations of this point, the shear stress distribution
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function is plotted in Fig. 3.62 for the case of the pullout velocity v01 = 5mm/s at the time
stept2 = 0.005 s.
Indeed, the conducted comparison implies, from the mechanial point of view, that the EDM
model with a convenientDIF can be considered as an approximation for modeling the
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characteristic phenomenon of increasing pullout forces under increasing values of the pullout
velocity. On the other hand, the VEDM-I model affords a more convenient manner by using
a viscous term for modeling this phenomenon, which has been oft examined in dynamical
fiber pullout experiments.
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3.5.6 Solution under linearly increasing pullout displacements regarding a viscoelastic
damage material model VEDM-II of the matrix-fiber interface
The solutions of the dynamical pullout problem under linearly increasing pullout displacements
function are evaluated here for the case of an employed VEDM-II model of the matrix-fiber inter-
face. Regarding this material model, the damage behavior inaddition to the shear slip rate-depen-
dent effects of the interface are specifically considered. In this case the derived equation of motion
of the pullout problem Eq. (3.163) is recalled and the term ofthe shear stressτ
(
s(x, t), ṡ(x, t)
)
is defined here by the corresponding constitutive relationsEqs. (2.28) and (2.29) of the VEDM-II
model (Section 2.5). Indeed, Eq. (3.163) will be turned intoa nonlinear differential equation which
will be solved by means of the DISCRETE MODEL of the pullout problem which has previously
been formulated and discussed in Subsection 3.4.2.
Solution by means of the DISCRETE M ODEL of the pullout problem
According to this solution scheme, the DISCRETEMODEL of the pullout problem provided with an
appropriate nonlinear solver is employed to find the sought after solutions. Regarding this model
the matrix-fiber interface is modeled by a layer of nonlinearelements (NL-Links) with a predefined
constitutive relations, according to the employed VEDM-IImodel. Moreover, the corresponding
governing equation of motion is defined by the derived nonlinear differential equation Eq. (3.156)
which will be solved by using the implicit time integration with full N EWTON-RAPHSON iteration
scheme. The generating process of the DISCRETE MODEL was explained previously in Subsec-
tion 3.4.2, whereas in the following topic the relevant relations of the nonlinear force vectorFtNL
and the corresponding tangent stiffness matrix will be introduced accordingly.
Numerical implementation of the nonlinear force vector andthe corresponding tangent stiff-
ness matrix with respect to the employed VEDM-II model:
Some complexity in evaluating the nonlinear force vectorFtNL can be met by realizing the nonlin-
earity of the constitutive relations of the VEDM-II model rep sented by Eqs. (2.28) and (2.29).
Nonetheless, this complexity can be managed and overcome byexploiting the characteristic form
of the constitutive relation Eq. (2.28), where the total shear stress is decomposed into elastic dam-
age and viscoelastic components. This means that the nonlinear force vector,Ft+∆tNL , can be written
at the time incrementt +∆t in the superimposing formulation:
F
t+∆t
NL = F
t+∆t
NL,d + F
t+∆t
NL,ve , (3.217)
whereFt+∆tNL,d is the elastic damage component of the nonlinear force vector regarding the NL-
Links elements, whereasFt+∆tNL,ve is the viscoelastic component of the nonlinear force vector. C n-
sequently, the following two steps can be proceeded:
• The characteristic equation of the iteration procedure used to calculate the incremental dis-
placement vector∆Ur(i) at every iterationi can now be formulated in a more applicable
manner, where the truncated TAYLOR SERIES expansions will be applied only on the elastic
damage part of the nonlinear force vector, whereas the viscoelastic part will be calculated
at each iterationi explicitly and with respect to the corresponding values of the kinematics
at the same iteration. Thereupon, the characteristic equation of calculating the incremental
displacement vector∆Ur(i) can be rewritten now for this type of material model (VEDM-II)
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within the iteration procedure as:
K
t+∆t
tan,s(i−1)
∆Ur(i) +K
t+∆t
tan,NL(i−1)
∆Ur(i) = R
t+∆t −MÜt+∆tr(i) − F
t+∆t
s(i−1)
− Ft+∆tc(i) − F
t+∆t
NL,d(i−1)
− Ft+∆tNL,ve(i) . (3.218)
In the preceding relatioṅUt+∆tr(i) is the velocity field vector, andK
t+∆t
tan,s(i−1)
is the current
tangent stiffness matrix regarding the elements stresses excluding the NL-Links elements
and is provided by Eq. (3.214).K
t+∆t
tan,NL(i−1)
is the tangent stiffness matrix regarding the
elastic damage part of the NL-Links elements and is calculated, therefore, from Eq. (3.160).
F
t+∆t
NL,d(i−1)
is provided by Eq. (3.162), whereasFt+∆tNL,ve(i) is calculated from Eq. (3.221) which
will be derived appropriately within the following step. The RAYLEIGH damping force
vectorFt+∆tc(i) is given by Eq. (3.215). The other terms in Eq. (3.218) were defined previously
in Subsection 3.4.2. Thereupon, the displacement field vector Ut+∆tr(i) can be calculated at
each iterationi according to Eq. (3.216).
• The viscoelastic force vectorFt+∆tNL,ve(i) can be evaluated as follows. We start with writing
the corresponding characteristic relation of the viscoelastic forces in the NL-Links elements
with reference to the basic constitutive relation Eq. (2.29) of the VEDM-II model:
F
t+∆t
NL,ve(i)
+ λ̄1 Ḟ
t+∆t
NL,ve(i)
= η̃e U̇
t+∆t
r(i)
, (3.219)
whereη̃e is provided by Eq. (3.213), while the material parametersλ̄1 and η̃ were defined
previously in Section 2.5 regarding the VEDM-II model. By applying the trapezoidal rule
of the time integration we can write:
F
t+∆t
NL,ve(i)
= FtNL,ve +
1
2
∆t
(
Ḟ
t
NL,ve + Ḟ
t+∆t
NL,ve(i)
)
. (3.220)
By substituting the derivative of the viscoelastic nonlinear force vector from the preced-
ing relation in Eq. (3.219) and applying the relevant mathematical manipulations, we can
formulate the viscoelastic force vector and the corresponding time derivative according to:
F
t+∆t
NL,ve(i)
=
1(
1 +
2 η̃
κ̄
∆t
)
(
η̃e U̇
t+∆t
r(i)
+
η̃
κ̄
(
2
∆t
F
t
NL,ve + Ḟ
t
NL,ve
))
, (3.221)
and
Ḟ
t+∆t
NL,ve(i)
=
2
∆t
(
F
t+∆t
NL,ve(i)
− FtNL,ve
)
− ḞtNL,ve . (3.222)
Figs. 3.63 and 3.64 illustrate the characteristic behaviorof a material point of the interface under
two characteristic types of prescribed shear slip functions, li ear and harmonic functions. These
results are obtained by testing a single NL-Link element with a constitutive material model defined
by the VEDM-II model.
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Fig. 3.64: Shear stress-shear slip relation under a prescribed harmonic shear slip function of an
amplitudeCn = 0.06125 mm and a frequencyλ = 128.30 s−1 in the case of using
VEDM-II model of the interface
It should be stressed that two crucial aspects regarding thecharacteristic behavior of the intro-
duced material model VEDM-II of the interface are addressed. The first aspect is the hardening-
like behavior of the VEDM-II model which is conjugated with te constitutive viscoelastic shear
stress component, where with respect to the viscoelastic shear stress-shear slip relation the tangent
stiffness decreases with increasing values of the shear slip. On the other hand, this behavior is not
experienced by the VEDM-I model.
The second aspect is the selection of the corresponding material parameters̃η andκ, where we
keep in mind that the aim of the introduced constitutive viscoelastic shear stress of the interface is
to maintain a reasonable increase of the pullout responses under the increasing values of the shear
slip rate. Therefore, and through an illustrative example presented in Fig. 3.65, we can realize that
regarding a definite value of the shear slip rate, and for a selected value of the viscous parameterη̃,
increasing values of the stiffnessκ lead consequently to an increase of the constitutive viscoelastic
shear stress. Thus, an appropriate value ofκ can now be selected to attain a viscoelastic stress
component that leads to a reasonable increase in the total she r tress at the characteristic shear
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slip sm (or in other word, the peak value of the linearly elastic shear slip which corresponds to the
characteristic bond strengthτm). The characteristic viscoelastic shear stress at the shear lip sm is
denoted byτ vem .
The following relation can be introduced to select the valueof κ with relation to definite values of
the shear slip rate and the viscosity parameter, at which point the characteristic viscoelastic shear
stressτ vem will approach the valuẽη ṡ at sm:
κ =
η̃ ṡ
sm
ln
(
1
γ1
)
, (3.223)
where the factorγ1 is chosen within the range of[0.01, 0.05].
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Application
In this application we use the same material properties and the fiber geometry used previously for
the first application of the VEDM-I model (Subsection 3.5.5)which are:Er = 72000 N/mm2,
ρr = 2.7× 10−9 tonne/mm3, l = 5mm, Ar = 3.14× 10−4 mm2, andā = 6.28× 10−2 mm.
The properties of the matrix-fiber interface regarding the employed VEDM-II model are selected
as the following, for the elastic damage part with a linear damage evolution law: the undamaged
elastic stiffnessK0 = 326 (N/mm2)/mm, sm = 0.005mm, andsf = 0.1148mm, while for the
viscoelastic part, the viscosity parameterη̃ = 4.0×10−1 (N/mm2) s/mm and the elastic stiffness
κ = 1200 (N/mm2)/mm. The applied excitation in this application is a prescribedlinear pullout
displacement at the fiber tip with a pullout velocityv0 = 5mm/s.
The selected values of the parameters of the viscoelastic part will maintain, with respect to the
applied pullout velocity, an equivalent value of the dynamic increasing factorDIF = 2, which
means an increase of the total shear stress at the characteristi shear slipsm twice the corresponding
static bond strength.
In the following, the results of this application are represented by comparison with the obtained
results of the first application (Application 1) of the VEDM-I model (Subsection 3.5.5), where we
use the same value of the viscosity parameter. Nevertheless, the elected value of the stiffnessκ
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leads to recognized differences between the two introducedmodels, mainly in the first stage of the
loading history up to a pullout value equal to the shear slipsm.
Fig. 3.66 illustrates the shear stress distribution in the int rface at four selected time steps, where
it can be seen that differences between the obtained resultsare captured at the first two time steps
which correspond to a pullout displacement smaller thansm. For the following time steps with
pullout values greater thansm, no special differences are observed regarding the two employed
material models VEDM-I and VEDM-II.
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Fig. 3.66: Shear stress distribution in the interface at time stepst1 = 0.001 s, t2 = 0.002 s,
t3 = 0.005 s, andt4 = 0.01 s regarding the employed VEDM-I and VEDM-II models
of the matrix-fiber interface
Furthermore, Fig. 3.67 illustrates the corresponding pullout force-pullout displacement relations
according to the two employed material models VEDM-I and VEDM-II.
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4 Analysis of textile reinforced cement composite behaviorunder dynamical
tensile loading
4.1 Introduction
As has been discussed in Chapter 1 only a few experimental andmechanical investigations have
been carried out so far to analyze the behavior of textile reinforced cement composites under
dynamical loading conditions. One interesting work has been provided by SILVA et al. [SILVA et al.
2011a], where tensile tests of AR-glass reinforced cement composite specimens were performed
under different strain rates between0.0001 s−1 and 50 s−1 by using high-rate servo-hydraulic
testing machines. A schematic representation of the testedTRC specimen is provided in Fig. 4.1 in
addition to corresponding results for different strain rates for the case of TRC without the addition
of short fibers. In this chapter a mechanical analysis of the tested TRC specimen under dynamical
tensile loading is presented following analytical and numerical approaches, as well as a Finite
Element modeling approach. The interaction between the test d specimen and the experimental
setup is not included in this analysis, where the propertiesof the used testing machine influence
the obtained results.
(a) Schematic representation of the tested TRC
specimen
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Fig. 4.1: Schematic representation of the tested TRC tensile specimen and corresponding experi-
mental results [SILVA et al. 2011a]
4.2 Proposed analytical modeling approach
In this section an analytical model for the tested specimen is proposed, and the corresponding par-
tial differential equations of motion of the tested tensilepecimen are formulated. Two different
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stages of the tested specimen are recognized, the linearly el stic stage before the matrix cracking
starts, in addition to the multiple cracking stage where thefib r crack bridging mechanism devel-
ops. Nevertheless, the complexity associated with the highnonlinearity of the derived equations
of motion call for employing appropriate simplifications tohelp estimate the sought after solutions
in an applicable manner. In this model only the tensile specim n is modeled and the experimen-
tal setup is not regarded. Moreover, the excitation load is characterized by an applied prescribed
displacement with a constant velocity on one end of the tested p cimen, while the other end is
fixed.
4.2.1 The linearly elastic stage:
In the following section the differential equations of motion of the tested tensile specimen will be
formulated in the linearly elastic stage.
Formulation of the corresponding governing differential equations of motion of the tested
specimen in the linearly elastic stage
½
c , Ec , Ac 
¾c (x; t)
¾c (x; t)
+ @
@x
¾c (x; t)dx
   
uc (x; t)
dx
l
x
dx
e 2(t)
Fig. 4.2: Schematic representation of the tested TRC tensile specimen in the linearly elastic stage
and a differential element at locationx
Fig. 4.2 illustrates a schematic representation of a proposed mechanical model of the dynamically
tested tensile specimen, wheree2(t) is the applied prescribed displacement function. In the lin-
early elastic stage an isotropic homogeneous material behavior of the composite is assumed. By
considering a differential element of length dx we can write the following equilibrium equation:
Ac
∂
∂x
σc(x, t) dx =
(
V̂m ρm + V̂f ρr
)
Ac dx
∂2
∂t2
uc(x, t) , (4.1)
whereσc(x, t) is the axial stress of the composite in the direction of loading, V̂f is the volume
fraction of the fiber content,̂Vm is the corresponding volume fraction of the concrete matrix(where
V̂f + V̂m = 1), Ac is the composite cross section area,ρm andρr are the densities of the concrete
matrix and the fiber materials, respectively. Nevertheless, the constitutive relation of the composite
material in the linearly elastic stage is:
σc(x, t) = Ec εc(x, t) , (4.2)
whereEc is the YOUNG’s modulus of the composite in the uncracked stage, andεc(x, t) is the
axial strain of the composite in the direction of loading. Bysubstituting in Eq. (4.1) we get:
Ec
∂2
∂x2
uc(x, t) = ρc
∂2
∂t2
uc(x, t) , (4.3)
whereρc = V̂m ρm+ V̂f ρr, anduc is the displacement in the specimen in the linearly elastic stage.
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4.2.2 The multiple cracking stage:
Formulation of the corresponding governing differential equations of motion of the tested
specimen in the multiple cracking stage
l+∆l
½
r , Er , Ar 
x
dx
½
m , Em , Am 
MatrixRepresentative fiber bundle Matrix-fiber
bundle interface
Crack zonesComposite zones
Fig. 4.3: Schematic representation of the tested TRC tensile specimen in the multiple cracking
stage
Fig. 4.3 shows a proposed model of the tested tensile specimen in the multiple cracking stage,
where a representative fiber bundle is proposed in addition to the concrete matrix and the matrix-
fiber bundle interface. Two zones are distinguished here:
Crack zones: The corresponding governing equation of motion is defined by:
Er
∂2
∂x2
ur(x, t) = ρr
∂2
∂t2
ur(x, t) , (4.4)
whereur is the displacement of the representative fiber bundle,ρr andEr are, respectively, the
density and the YOUNG’s modulus of the fiber bundle material.
Composite zones between the successive cracks: A cording to the forces equilibrium of a differen-
tial element in the composite zones, a derivation approach,similar to that performed in Section 3.3,
can be recalled and applied to obtain the sought after governing equations of motion in these zones.
Theses governing equations of the matrix, the representative fiber bundle, and the matrix-fiber bun-
dle interface are, respectively, Eq. (3.7), Eq. (3.9) and Eq. (3.25).
The continuity conditions have to be satisfied between the sequential zones. Furthermore, the con-
stitutive relations of the shear stress in the matrix-fiber bundle interface that appear in Eq. (3.25)
have to be provided conveniently with accordance to the defined constitutive material models
which are discussed in Chapter 2. Therefore, the derived governing differential equations of motion
in the multiple cracking stage are coupled and nonlinear. Nonetheless, in order to find the sought
after solutions in an applicable manner, additional simplification assumptions have be provided.
4.3 Finite Element modeling approach of the tested TRC tensile specimen under dynamical
tensile loading
4.3.1 Introduction and modeling assumptions
The tested TRC tensile specimen and the corresponding fiber crack bridging behavior is analyzed
by means of the Finite Element modeling approach by accomplishing 3-dimensional heteroge-
neous models (see Fig. 4.4). In these FE models, the cohesivezone model is used to characterize
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the bond behavior between the matrix and the textile reinforcement. The matrix cracking is rec-
ognized by means of the discrete cracking approach, in the sense that every crack is modeled by
double faces which are partially connected to each other through a cohesive zone layer [AZZAM
& R ICHTER 2011b]. The experimentally determined softening behaviorof the matrix cracking
is used to characterize the constitutive behavior of the cohesive layer. Moreover, the strain rate-
dependent behavior of the concrete matrix tensile strengthis taken into account by using the mod-
ified CEB-Model formulation according to MALVAR and CRAWFORD [M ALVAR & CRAWFORD
1998] (see Subsection 1.2.6). According to the modified CEB-Model, Eq. (1.1) is used to calculate
the correspondingDIFt(ε̇) to account for the strain rate-dependent effects of the matrix tensile
strength. Furthermore, the transversal textile reinforcement is not modeled, but its influence on
the matrix stress concentrations (see Fig. 1.2), and therefor , on cracks initiation is considered by
the partial connection of the crack faces through the crack cohesive layer. This means that at the
locations of the discrete cracks in a defined vicinity of the considered main textile reinforcement
the modeled crack faces are not connected. The fraction of the connected areas is determined in
a way that we get the same increase in matrix stresses that areobserved in another corresponding
mechanical models performed for analyzing the matrix stresconcentrations and in considering
the fully 3-dimensional structure of the reinforcement layer (see Fig. 1.2). The crack spacing is
identified in the experimentally observed crack pattern as10mm [SILVA et al. 2011a].
Two main models were carried out, the first is illustrated in Fig. 4.4(a) (Model I), where the overall
geometry of the tested specimen is modeled including the gauge length and the clamping parts. The
longitudinal textile reinforcements and the concrete matrix a e modeled in addition to the matrix-
fiber interface via layers of cohesive elements. Moreover, th discrete macro cracks are regarded
also by means of layers of cohesive elements. The second model is shown in Fig. 4.4(b) (Model
II), where only a strip of a width of7.4 mm (the wrap yarns spacing) is simulated to reduce the
model size and the corresponding numerical costs which are larg r in the first model. The model-
ing procedures were carried out using ABAQUS Finite Element package, where AB QUS/Standard
(static analysis) was used for the analysis of the quasi-static train rate case, and ABAQUS/Explicit
for the dynamical analysis in the case of high strain rates. The concrete matrix and the textile
reinforcements are modeled as isotropic linearly elastic materials; where for the concrete ma-
trix Em = 30000 N/mm2, ρm = 2.20 × 10−9 tonne/mm3, and for the textile reinforcement
Er = 75770 N/mm
2, ρr = 2.75 × 10−9 tonne/mm3. Every fiber bundle is modeled using a
homogeneous cross section with an area of0.478mm2.
Matrix-fiber bundle interface
In the performed FE models the bond behavior in the interfacebetween the matrix and the textile
reinforcement is regarded by means of the cohesive zone model with a predefined traction-sepa-
ration law. The used bond law is normally deduced from a corresponding pullout test of the used
textile reinforcement, and has to be identified according toone of the constitutive material models
discussed in Chapter 2. Nevertheless, only experimental resu ts under quasi-static loading condi-
tions are so far available, and a corresponding bond law (Fig. 4.5) was derived appropriately and
identified according to the EDM model (Section 2.2). On the other hand, the relevant experimental
results of the dynamical pullout tests of the same used textile reinforcement are so far unavailable.
Therefore, an EDM model is also used for the cases of higher values of strain rates and by using a
dynamic increasing factorDIFb = 2.0 (applied on the static bond strength) for the case of a mean
strain rateε̇ = 5 s−1. This value is selected according to a parametric analysis when calibrating
the obtained mean stress-mean strain relation of the testedtensile specimen.
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Fig. 4.4: Finite Element models of the TRC specimen under uniaxial tensile loading
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Fig. 4.5: Experimentally deduced matrix-fiber bundle bond law for the used textile reinforcement
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Matrix cracking
The experimental investigations carried out on the cracking behavior of the fine grained concrete
matrix under tensile loading indicate a typical softening behavior of the concrete matrix which is
expressed by a matrix tensile stress-crack opening relation. This damage behavior is considered
by means of the cohesive zone model with a predefined traction-separation law. In the modeling
procedures, we use for the case of a quasi-static strain ratethe softening relation of the fine grained
concrete matrix proposed by BROCKMANN [BROCKMANN 2006]. On the other hand, for the
higher values of strain rates, the modified CEB-Model formulation according to MALVAR and
CRAWFORD [M ALVAR & CRAWFORD 1998] is employed. Thus, Eq. (1.1) is used in calculating
the correspondingDIFt(ε̇) to account for the strain rate-dependent effects of the matrix tensile
strength. For a mean strain rate of5 s−1 the corresponding value of the dynamic increase factor is
DIFt = 2.14.
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Fig. 4.6: Matrix tensile stress-crack opening relation under quasi-static loading [BROCKMANN
2006] used as traction-separation law of the cohesive zonesf the matrix cracking
4.3.2 Results
Results under quasi-static loading
Fig. 4.7 shows the mean stress-mean strain relation under a quasi-static mean strain rate of0.01 s−1
according to the Finite Element simulation and the corresponding experimental investigation. A
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good match between the results obtained from the FE simulation nd the experimental investigation
can be observed.
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Fig. 4.7: Mean stress-mean strain relation of the tested TRCtensile specimen according to the
experimental investigation and the numerical simulation under quasi-static loading
Results under dynamical tensile loading
Under higher mean strain rate of5 s−1, the corresponding mean stress-mean strain relation ac-
cording to the Finite Element simulation and the experimental i vestigation is provided in Fig. 4.8,
where some reasonable match between the obtained results can be realized. An explanation of
the observed differences between the two solutions will be provided next. It should be pointed
out that the strain rate-dependent effects of the used textile reinforcement is important and affects
the composite mechanical responses, especially in the multiple cracking stage where the textile
reinforcement carries the loads. According to ARMENAKAS et al. [ARMENAKAS et al. 1970]
the tensile strength of the glass fibers decreases with increasing strain rate. Moreover, SILVA et
al. [SILVA et al. 2011a] also pronounced a remarkable dependency of thebri tl fracture behavior
of the glass fibers on the strain rate, where a smoother fracture surface was observed under higher
strain rates. On the other hand, no relevant experimental resu ts are available so far regarding the
mechanical behavior of the used textile reinforcement under the same higher strain rates used in
the dynamical tests of the TRC specimen. These relevant resul s would clarify the characteristic
mechanical behavior of the used textile reinforcement under higher strain rates, and consequently,
would allow an appropriate constitutive material model with a strain rate-dependent formulation,
able to be implemented efficiently in the presented simulation. Nonetheless, in light of the preced-
ing effects of the strain rate, namely the fiber strength and the brittle fracture surface, an equivalent
approach is followed in this simulation by employing an appropriate modification factor on the
YOUNG’s modulus of the textile reinforcement according to a calibr tion approach, where for
the obtained results in Fig. 4.8 a modification parameter of0.5 has been selected according to a
corresponding calibration approach.
One other important aspect is the remarkable influence of theused experimental setup and its
interaction with the tested specimen on the measured results [SILVA et al. 2011a, SILVA et al.
2011b,BORSUTZKI et al. 2005]. The performed simulation, as a first step in modeling and analyz-
ing this complex dynamical problem, does not include the experimental setup, but considers fixed
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boundaries at the specimen ends. This means that the transitions of waves at the specimen ends
from and to the test setup are not regarded.
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Fig. 4.8: Mean stress-mean strain relation of the tested TRCtensile specimen according to the
experimental investigation and the numerical simulation under mean strain ratėε = 5 s−1
For other higher values of strain rates, differences between th simulation and the test results are
observed. This can be attributed to the higher effects of theused test setup and the corresponding
interaction between the tested specimen and the test equipment on the measured results, where
the experimental setup is not included in the simulation. This is intended to be done in a future
research work. Moreover, the dynamical pullout experiments of the used textile reinforcement
from the concrete matrix have to be performed to obtain the appropriate constitutive material model
of the interface according to the discussed models in Chapter 2. Nevertheless, the fiber bundle and
the textile reinforcements also have to be tested under the same strain rate values, and suitable
constitutive relations with a strain rate-dependent formulation can then be deduced and employed
in the presented mechanical models.
109
5 Summary and outlook
5.1 Summary
The fiber crack bridging is a characteristic mechanical behavior of textile reinforced concrete
(TRC). This distinguished behavior incorporates two main damage mechanisms, the matrix crack-
ing, in addition to the pullout of the reinforcement from theconcrete matrix. Thus, the mechanical
behavior of the pullout mechanism has to be sufficiently analyzed and understood, particularly
under dynamical loads. Moreover, appropriate constitutive material models of the bond between
the matrix and the reinforcement have to be characterized and ide tified within a framework of the
damage behavior and the shear slip rate-dependent effects.
Hence, in Chapter 2 the constitutive equations of the linearly elastic damage material model
(EDM), the general viscoelastic material model (VEM), and two proposed viscoelastic damage
material models (VEDM-I and VEDM-II) are formulated to be employed appropriately for the
constitutive relations of the shear stress in the interface(the matrix-fiber bond law). These material
models are implemented in the solution procedures of the dynamical fiber pullout problem, once
within the analytical solution procedures by the formulation of the shear stress function of the
matrix-fiber interface, and furthermore, within the numerical DISCRETEMODEL of the dynamical
pullout problem. In the DISCRETE MODEL, the formulated material models are implemented to
characterize the constitutive material law of the nonlinear link elements (NL-Links) which are used
to model the interface.
In Chapter 3 the corresponding governing differential equations of motion of the dynamical pullout
mechanism of the fiber from the concrete matrix are formulated. Moreover, the solutions under
different types of dynamical loading cases are provided; prescribed harmonic pullout displace-
ments and prescribed linearly increasing pullout displacements functions. For the load case of the
prescribed harmonic pullout displacements function, analytic l solutions of closed-form relations
are provided. On the other hand, for the load case of the prescrib d linearly increasing pullout
displacements function, a numerical DISCRETE MODEL of the pullout problem equipped with an
appropriate nonlinear solver is utilized to obtain the sought after solutions.
In Section 3.4 analytical solutions of the fiber pullout problem are provided under a prescribed
harmonic pullout displacement function and by regarding anemployed EDM model of the inter-
face. Two cases are recognized and analyzed, the first is the undamaged interface, whereas the
second case is the damaged interface. Furthermore, the eigenvalu problem of the pullout system
is analyzed, and the corresponding eigenvalues and eigenfunctions are estimated for each of the
undamaged and the damaged states of the interface. The obtained closed-from solutions associated
with the proposed analytical model are illustrated and discus ed via several examples. Moreover,
in the same section the dynamical responses of the pullout prblem under a linearly increasing
pullout displacement function are provided numerically bymeans of the DISCRETE MODEL of
the pullout problem. The complexity associated with solving the corresponding nonlinear differ-
ential equations of motion of this problem under this dynamical load case, namely, the prescribed
linearly increasing pullout displacement function, callsfor using appropriate numerical nonlinear
solution schemes.
In Section 3.5 the analysis of the pullout problem is extended under the considerations of both the
damage behavior in addition to the shear slip rate-dependent effects of the interface. Firstly, the
viscoelastic material model is selected for the interface,and analytical solutions of closed-form
relations are provided under a prescribed harmonic pulloutdisplacement function. Additionally,
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the dynamical solutions under a linearly increasing pullout displacements function are estimated
by using the DISCRETE MODEL of the pullout problem. Furthermore, developed viscoelastic
damage material models (VEDM-I and VEDM-II) are implemented for the interface where the
rate-dependent effects are included. The sought after solutions are provided under a prescribed
linearly increasing pullout displacement function. Comparisons between the results associated
with the proposed material models of the matrix-fiber interface are provided and discussed through
applications.
Nevertheless, the proposed material models of the interfac(EDM, VEDM-I and VEDM-II) main-
tain two crucial mechanical aspects. The first aspect is the representation of the damage behavior
of the interface, while the second is the reasonable characteriza ion of the experimentally observed
behavior represented by the increase of the pullout responses with increasing values of the loading
rates. Concerning the latter mechanical aspect, the proposed VEDM-I and VEDM-II models, this
observed behavior is identified by the viscous and the viscoelastic terms that are included within
the corresponding constitutive relations of those material models, respectively, in the sense that
these terms are used to account for the rate-dependent effects o the matrix-fiber interface.
In Chapter 4 the mechanical analysis of textile reinforced concrete under dynamical uniaxial tensile
loads is carried out by means of the Finite Element simulation.
The tested TRC tensile specimen and the corresponding fiber crack bridging behavior are analyzed
by means of the Finite Element modeling approach, where 3-dimensional heterogeneous models
are carried out. In the FE models the structural components of the tested specimen are simulated,
namely, the concrete matrix, the textile reinforcement, the matrix-fiber bundle interface, in add-
ition to the bridged cracks. Furthermore, the cohesive zonemodel is used to model the bond and
matrix cracking behavior as well. Some reasonable matchingbetween the obtained results and the
corresponding experimental results is realized for the quasi st tic load case.
5.2 Outlook
The provided solutions approaches of the dynamical fiber pullout problem can be effectively
conjuncted with an appropriate experimental investigation program. Consequently, a calibration
scheme of the parameters of the proposed constitutive material models of the matrix-fiber interface
can be carried out. Regarding the developed VEDM models which ac ounts for the rate-dependent
effects of the dynamical pullout problem via viscous or viscoelastic terms within the constitu-
tive relations, the calibration scheme will identify the relevant parameters of the viscoelastic part
according to various values of the shear slip rate.
The dynamical responses of the fiber pullout under a linearlyincreasing pullout displacements
function with a constant velocity have been derived numerically by means of a DISCRETEMODEL
of the pullout mechanism. The derivation of those dynamicalresponses within closed-relations by
solving the corresponding nonlinear equation of motion of the pullout problem analytically is of
interest, although it is considered to be challenging.
With respect to the correlation between the fiber pullout mechanism and the tensile behavior of
the TRC composite (see Subsection 1.2.5), the requested calibration procedure, and therefore, the
identification of the model parameters of the matrix-fiber interface in quantitative representation,
is essential in creating a better understanding of TRC behavior under dynamical tensile loads. The
experimentally calibrated material law of the interface can be used thereafter within the mechanical
models of the dynamically tested TRC specimen, particularly under higher values of strain rate.
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Additional investigations of the rate-dependent effects of the fiber bundle and the textile reinforce-
ment layer have to be carried out experimentally as well as bymeans of the mechanical modeling.
Consequently, an appropriate material model of the textilere nforcement can be derived within a
strain-rate dependent formulation. Such an experimentally c ibrated material model of the used
textile reinforcement can be employed effectively within the heterogenous Finite Element models
of the dynamically tested TRC specimens, especially for cases of high strain rates.
Further analysis of the interaction between the tested tensile specimen and the experimental equip-
ments has to be performed especially for the cases of high values of strain rate. The latter issue is
essential in capturing the sought after TRC tensile behavior under high rate tensile loading.
For higher strain rates, differences between the obtained results are realized, and an expanding
of the modeling approach is needed. The experimental setup and the corresponding interactions
between the tested specimen and the experimental equipments have to be regarded. Furthermore,
an appropriate experimentally calibrated material model of the textile reinforcement has to be em-
ployed with a rate-dependent formulation. Moreover, as discus ed above, a proper experimentally
calibrated material model of the matrix-fiber bundle interface according to one of the proposed
material models of the interface has to be implemented in theFE models. Indeed, the preceding
considerations are essential to derive the sought after responses under higher strain rates.
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